' Integrace - Fubibi

[ >

= zadani

| Jest nam spisti integral

C > Int(In(1-an2*x"2)/(x"2*sqrt(1-x"2)),x=0..1);

1
In(1 - a*x?)

efie
0

B Konvergence

. Definujme

[ > f:=(x,a) -> In(1-a"2*x"2)/(x"2*sqrt(1-x"2));

In(1 - a?x%)

i X2al1-x°

' Funkcef je definovana jen pra z intervalu (-1,1), neliomusi platit:
0O<l-ax

f:=(xa) -

atEdy
|El|< XZ(O 1]
X’ ’

Nyni si n&rtnéme, jak se chova fdena intervalu v 8mz ji mame integrovati.

Nejdrive si vSak jestpovSineme, zef (x) =f_,(x)a zef(x) =0 pro vS§xz (0,1), takze nam
| tedy st&i zajimat se ® < a

[ > with(plots):

[ > pl:=plot([f(x,0.2),f(x,0.4),f(x,0.6),f(x,0.8),f(x,1 )].x=0..1,
| -10..0,numpoints=100):
[ > p2:=textplot({[1,-0.35,’a=0.2],[1,-1.3,’a=0.4"],[1 -3.1,7a=0

.6],[1,-7,"a=0.87],[1,-10, a=1"]},align=RIGHT):
> plots[display]({p1,p2});
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[ VySeteme konvergenci integralu funkce f na intervaldJONejprve v okoli bodu 0

> Limit(f(x,a),x = 0,right)=limit(f(x,a),x = 0,right) ;
In(1-a°x)

x- 0t xal1-%
Konvergence integralu v okoli bodu 1 je pknd sloZigjsi.

| UZitim substitucey = 1 — x, se eneseme na pravém okoli bodu 0 a zkoumame fci
[ > subs(x=1-y,f(x,a));

In(1-a°(1-y)*)

i (1-y)’y/1-(1-yY

1
coz jest asymptoticky rovnof, kteryzto integrél konverguje.
L L y

=l vyparet

| UZijeme Fubiniho ¥tu. Nejprve rozepiSeme integrand do tvaru
In(1-a*x°) - In(1- 0x°)

=G(a)-G(0
sz (a) - G(0)

| kde G (a )je primitivni funkce k k fci
[ > Diff(f(a,x),a)=diff(f(x,t),t);

i(ln(l—ax)}_ 2t

I oal g2./1-a° (1-t25)4/1-%
| Integral pak nizeme vyjadt jako

[ > Int(Int(diff(f(x,t),t),t=0..a),x=0..1);




2t
- dt d
(1-t*50)4/1-% "

L 00

' Nyni musime o#tit predpoklady Fubiniho &ty, abychom mohli zasmit poradi integrace.
Predpokladejme na chvili,

Ze je jiz mame a¥reny, a zkusme spst integral

T > Int(Int(diff(f(x,1),1),x=0..1),t=0..a);
1

2t
- dx dt
(1-t25%)4/1 - g

L 00
| Pouzijme nejprve substitugi= sin(y), (dx = cogy) dy)
[ > Int(Int(diff(f(sin(x),t)*diff(sin(x),x),t),x=0..1), t=0..a);

1
2t cogx)

- dx dt
(1 -t?sin(x)?) 4/ 1 - sin(x)? "

00

ProtoZe na intervalu [g,] je 0 < coqy), mizeme integrél f@psat do nasledujiciho tvaru
[ > Int(-2*t*Int(1/(1-t"2*sin(y)*2),y = 0 .. Pi/2),t = 0..a);
~a
2
1
2t | —————dydt

1-t*sin(y)?
0

o/

0

2dz

o . y . 22
Po dalsi substltuctar(—):z, sin(y)=—-,dy=
2 (Sin(y) 1+7 / 1+7

"> Int(-2*t*Int(1/(1+z72*(1-t"2)),z = O .. infinity),t =0..
a);

), a zkraceni dostavame integral

00

1
=2t | —— ——,_dzdt

1+7(1-17)

0
L 0
| Cozjiz, jak snadno spteme, dava integral
[ > Int(-2*t*Int(Diff(arctan(z*sqgrt(1-t"2))/sqrt(1-t1"2) 2),2=0
.. Infinity),t = 0 ..
a)=Int(-2*t*int(Diff(arctan(z*sqrt(1-t"2))/sqrt(1-t n2),2),z =
0 .. infinity),t =0 ..a);
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0 [arctar(z«/l—tz)} tT
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0z 112 1-t2
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| neboli
[ > int(-t*Pi/(1-t"2)N(1/2),t =0 .. a);
n(W/1-a°-1+a°)
i A 1-a?
Oweieni p‘edpoklad: Fubiniho véty
| Vratme se nyni k doposud naeggnym gedpokladim Fubiniho ¥ty.
| Protoze
[ > abs(2*t/(1-t"2*x"2)/sqrt(1-x"2)) <= 2*t/(1-t"2*x"2) /sqrt(1-x"2);

t 2t
s
t*x%) 4/ 1 tx°) 4/ 1
[ a protoze na pravé strastou nezaporna éﬂtelna (SpOtha S. V. ) fce a je|IkOZ tedy existuje
> Int(Int(2*t/(1-t"2*x"2)/sqrt(1-x"2),t=0..a),x=0..1) ;
1

2t
dt dx
2x2) /1—x2
00

| je fce na strahpravé integrovatelnou majorantou k fci na streavé. Tim jsou fedpoklady
Fubiniho &ty owereny.

| Zawérem tedy niZzeme zvolat "hurd" a konstatovat

[ > int(f(x,a),x =0 .. 1) = Pi(sqrt(1-a"2)-1);

ﬁ(—z nazﬁ— 2&@]

2«/—7212 =m(y/1-a°-1)




