' Integrace - Fubini

[ >
= zadani
| Jest nam spisti integral z funkce
> fi=x->sin(x"2)*(exp(-x"2)-exp(-2*x"2))/x;
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Konvergence
| Viz. oweteni redpoklad Fubiniho &ty
B Vypaet
| Pouzijeme ogt Fubiniho ¥tu. Nejdive zapiSeme integrél jako
[ > Int(Int(Diff(sin(x*2)*(exp(t*x"2)/x),t),t=-1..-2),X =0..infini
ty)=Int(Int(diff(sin(x"2)*(exp(t*x"2)/x),t),t=-1..- 2),x=0..in
finity);
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i Opet predpokladejme, Ze mamed&eny gedpoklady Fubiniho &ty, ke kterym se je&t
| vratime, a pokusme se sjst

[ > Int(Int(sin(x"2)*x*exp(t*x*2),x = 0 .. infinity),t =-1..
-2);
>
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ﬁ Provedeme nejprve vypet vnittniho integralu metodou per partes
[ > Int(sin(x*2)*x*exp(t*x*2),x = 0 ..

infinity)=Int(Diff(int(x*exp(t*x"2),x)*sin(x"2),X), x=0..infin
ity)-Int(int(x*exp(t*x"2),x)*diff(sin(x"2),x),x=0.. infinity);
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| Prvni¢len na pravé stramrovnosti je ovSem roven nule. Opakujeme metodppees a
dostavame

> -Int(1/t*exp(t*x"2)*cos(x"2)*x,x = 0 ..
infinity)=-(Int(Diff(int(exp(t*x"2)*x,x)*cos(x"2)/t X),X =0
.. Infinity)-Int(int(exp(t*x"2)*x,x)*diff(cos(x"2)/ t,x),x =0
.. Infinity));
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[ > Int(sin(x"2)*x*exp(t*x"2),x = 0 ..
infinity)(1+(1/t"2))=1/2*1/t"2,;
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| Coz neni nic jiného nez

T > Int(sin(x*2)*x*exp(tx"2),x = 0 ..
infinity)=simplify((1/(2*t°2))/(1+1/t°2));
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A ovéfime integrani schopnosti Maplu :-)

[ > assume(t,negative);

[ > simplify(int(sin(x"2)*x*exp(t*x"*2),x = 0 .. infinit
1
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' Nyni snadno dopidtame

[ > (1/2)*Int(1/(t"2+1),t=-2..-1)=int((1/2)*(1/(t"2+1))
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Oweieni p*epokladi Fubiniho véty
| Owéieni gredpoklad je v tomto pipadt snadné neho
[ > assume(x,positive);
> abs(sin(x"2)*x*exp(-t*x"2))<=x*exp(-x"2);
2 2
x~e 7 sin(x2)|sx~e "’
A fce na pravé sta@merovnosti jest konvergentni majorantou.
| Pro nazornost seiimeme podivat na obrazek.
[ > with(plots):
[ > pl:=plot([abs(sin(x"2)*x*exp(-x"2)),abs(sin(x"2)*x*
x*exp(-x"2)],x=0..3,color=[red,red,blue]):
> p2:=textplot({[0.8,0.132,t=1"],[0.8,0.253,t=2"],[
exp(-x*2)'1},align={ABOVE,LEFT}):
> plots[display]({p1,p2});
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E Nakonec tedy dostavame
[ > int(f(x,a),x=0..infinity)=-1/8*Pi+1/2*arctan(2);

}II 1-1 —lll 2-1 —EII 1+1 +EI| 2+1 L t -
Z1IN(L=1) =2 1(2=1) =2 1I(1+1) 7 1 In(2+1) =7 arctarf 3

05

15 2 25 3
x~

8



