DanielCech, Bl48

Matematicka analyza - zapoctové pfiklady

restart;
with(plots):
with(plottools):
with(student):
with(linalg):
with(DEtools):
with(inttrans):

V V.V V V VYV YV

=/ Metrické prostory

[

' 1) vR maji viechny body stejnou vzdalenost odgtku @i pouziti vdech norem, plati totiz

1
n
Ixdin={x]" )5 x].
| 2)RPaR’
[ > posloupnostl:=seq(implicitplot((abs(x)*m+abs(y)"m)" (1/m)=1,x=
| -1..1,y=-1..1,colour=navy),m=1..20):
> display(posloupnostl,insequence=true,title="animace
jednotkove koule v R*2 pri ruznych metrikach
||.]|n",thickness=3,scaling=constrained);




animace jednotkove koule v R*2 pri ruznych metrikach ||.||n
1 -

L -1
[ > display(posloupnostl,insequence=false,scaling=const rained,axe
s=none);




> posloupnost2:=seq(implicitplot3d((abs(x)"m+abs(y)*m +abs(z)"m)

N1/m)=1,x=-1..1,y=-1..1,z=-1..1,grid=[15,15,15],st yle=patchn
| ogrid),m=1..10):
> display(posloupnost2,insequence=true,scaling=constr ained,axes
=boxed,title="animace jednotkove koule v R"3 pri ru znych

metrikach ||.||n",orientation=[46,70]);




animace jednotkove koule v R*3 pri ruznych metrikach ||.||n

m:=5;

m:=5
rho:=(xvect,yvect)->(sum(abs(xvect[i]-yvect[i])"g,
i=1..m))"(1/g);

1
i 5
p := (Xvect, yvect) — [Z:|xvecti — yvect, |gJ
i=1
sigma:=(xvect,yvect)->(sum(abs(xvect[i]-yvect[i])"h
i=1..m))(1/h);

0 = (xvect, yvect) — (Z|XVeCti — yvect |hJ
i=1
vx:=[seq(x[i],i=1..m)];
VX 1= [ Xy, Xy, Xg, Xy, Xs]
vy:=[seq(y[i],i=1..m)];
W =Y Yoo Vs Yoo Vsl
rho(vx,vy); sigma(vx,vy);



"> solve(dftrho(x,y)=sigma(x,y),d):

(|X1_y1|g+|X2_y2|g+|X3_y3|g+|x4_y4|g+|x5_y5

)

1

h
(| Xl_y1|h+|xz_y2|h+|X3_y3|h+|x4_y4|h+|xs_y5|h)

1

h
(| Xl_y1|h+|xz_y2|h+|X3_y3|h+|x4_y4|h+|xs_y5|h)

[ >
[ >
[ > rx:=randvector(m); ry:=randvector(m); g:=3: h:=2: #
Ize zadat jakekoliv prirozene cislo
rx:=[-10, 62 -82 80 -44

L ry:=[71 -17 -73 -10 -T
[ > evalf(rho(rx,ry)); evalf(sigma(rx,ry));

121.7447858

149.3987952

=| K¥ivkovy integral 1. druhu

[ >

[ Povrch podstavy je jednoduch$p.=nr2 =Tt

[ > plast:=plot3d([r*sin(Phi),r*cos(Phi),2-2*r],r=0..1,

L)

[ > podstava:=plot3d([r*sin(Phi),r*cos(Phi),0],r=0..1,P

L)

> display(plast,podstava,scaling=constrained,style=pa

title="kuzel:",orientation=[44,103));

(|X1_y1|g+|X2_y2|g+|X3_y3|g+|x4_y4|g+|xs_y5

)

1

g

zagah

Phi=0..2*P
hi=0..2*Pi

tchnogrid,



kuzel:

>

Jros{|Grsl(vs)
1dS=| || =S|x|—S||do
or 00

L D

[ > dSdr:=vector([diff(r*cos(phi),r),diff(r*sin(phi),r) diff(2-2*
rnl);

L dSdr :=[ coq @), sin(), -2]

[ > dSdphi:=vector([diff(r*cos(phi),phi),diff(r*sin(phi ),phi),dif
f(2-2*r,phi)]);

| dSdphi :=[-r sin(@), r cog @), 0]

[ > prod:=crossprod(dSdr,dSdphi);

I prod :=[2r coq @), 2 r sin(¢), cod ®)* r + sin(@)?r]
> absize:=sqrt(prod[1]*2+prod[2]*2+prod[3]"3);

3
I absize ::4/4 r? cog @)° + 4 r? sin(@)* + (co@)* r + sin(¢)*r)
> int(int(absize, r=0..1), phi=0..2*Pi);

?

256 20
——T-—45T
L 15 3
. ) oL . i 205 m 2561
Coz je hledany povrch pl&kuzelu, kuzel ma proto povreh 3 + 15 +TT



1

>
> sroub:=plot3d([r*cos(phi),r*sin(phi),phi],r=0..2,ph i=0..6*Pi,
numpoints=5000,style=patchnogrid, shading=zhue,axes =normal,
| orientation=[-19,63],title="sroub:"):
[ > krivka:=seq(seq(spacecurve([n/4*cos(t),n/4*sin(t),t ], t=(m-1)*
| Pi/4..m*Pi/4,colour=black,thickness=4),n=1..8),m=1. 24):

[ > vlna:=display(krivka,insequence=true):
> display(sroub);

sroub:

> display(vina,insequence=true,title="animovany postu p
integrace: ,axes=normal, orientation=[-19,63]);




animovany postup integrace:

] 2
5
> dSdr:=vector([diff(r*cos(phi),r),diff(r*sin(phi),r) Jdiff(h*r,
nl);
L dsdr :=[coq @), sin(®), 2]
[ > dSdphi:=vector([diff(r*cos(phi),phi),diff(r*sin(phi ),phi),dif
f(h*r,phi)]);

ddphi :=[-r sin(@), r cog @), 0]
> prod:=crossprod(dSdr,dSdphi);

| prod :=[-2r coq @), -2 sin( ), co§ (p)2 r+ sin((p)2 r]
> absize:=sqrt(prod[1]"2+prod[2]*2+prod[3]"2);

absize ::4/4 r? co @)° + 4 r? sin(@)* + (co @)° r + sin(P)? r)2

FRRE
Zglx| =

or 0@ P
D

E podle Fubiniovy ¥ty potom plati:

?

6 T 2
2
J J«/h2 r? cog @) + h? r? sin( @) + (cog @)*r +sin(@)®r) dr do
L0 0
[ > int(int(absize, r=0..a), phi=0..6*Pi);

I 3ma’+/5 csgr(a)




Coz je hledané plocha zavisla na paramethegia

>

> velky:=plot(7-7*cos(t),t=0..2*Pi, colour=green):
> male:=plot(1-cos(t),t=-14*Pi..0, colour=red):
>

krajina:=display(velky,male,textplot([2*Pi,2, Studa nka’],alig
n={ABOVE,RIGHT}),textplot([-14*Pi,2, Potucek],alig n={ABOVE,L
. EFT)H):

> display(krajina);

14

Potucek/\/\/\/\/\/\/\ Studanka
20 .30 E

t

"> diff(7-7*cos(t),b);
| 7 sin(t)

[ > diff(1-cos(t),t);

sin(t)




t
max

0 0
hazk 1-|f 1-|f|dt
doba prochazky ( (Ot D (6ft Jd

t .
L min

[ > int(abs(sin(t))*sqrt(1+sin(t)),t=-14*Pi..0);

112 2842
3

3

> evalf(%);

24.13400675
> int(abs(7*sin(t))*sqrt(1+7*sin(t)),t=0..2*Pi);

5—6—3—2|ﬁﬁ5nipticF(ﬁﬁﬁ,ﬁﬁJ
+g|ﬁﬁ5niptic5 [[[ [[] 1 7.2 e ptlcF([[ [[J

3

"

—glﬁ«/z EllipticE [[ [[j I«/7«/E EII|pt|cK([
—g /7 +/ 2 EllipticE M]

7

> dPhixdt:=diff(t,t);
dPhixdt :=1
> dPhiydt:=diff(7-7*cos(t),1);
dPhiydt :=7 sin(t)
> ivalue:=innerprod([abs(7*sin(t)),1],[dPhixdt,dPhiyd t]);
ivalue := 7| sin(t) | + 7 sin(t)
> int(ivalue,t=0..2*Pi);
28

Podle toho, jak to vychazi, je jedno, jestljge sleptka k poficku nebo ke studance, protoze
| obe cesty jsou stefhdlouhé.

=| K¥ivkovy integral 2. druhu

?

fras| st 25) 2]

L D
[ > cednik:=plot3d([r*cos(phi),r*sin(phi),-sqrt(1-r"2)] ,r=0..1,ph




| i=0..2*Pi,style=patch,title="cednik:"):

[ > rukojet:=plot3d([phi/3+1,r*cos(phi),r*sin(phi)],r=0 ..0.1,phi=
| 0..2*Pi,style=patchnogrid):
[ > display(cednik,rukojet,scaling=constrained,orientat ion=[-131,
47]);
cednik:

[ > dSdu:=vector([diff(u,u),diff(v,u),diff(-sqrt(1-u"2- vA2),u)]);
N ! -
ddu:=| 1, 0,—F/——
i L A 1= uw? -V
[ > dSdv:=vector([diff(u,v),diff(v,v),diff(-sqrt(1-u"2- vA2)\));
_ y -
dsdv:=| 0, 1,—F7—
i L A 1= u? =V

> prod:=crossprod(dSdu,dSdv);

u v
prod :=| — , = , 1
«/1—u2—\/2 «/1—u2—\/2
> ivalue:=innerprod([u,v,-sqgrt(1-u*2-v"2)],prod);
1

ivalue ;= - —F/—
| Al=-u? =V

> int(int(ivalue*r, r=0..1), phi=0..2*Pi);




1-u? -V

To je hledany pitok.

Yy I N Ay AN

o

0
— Phi_1, —Phi_2
- ot

0
ot

I:(CD(t))[

free

ﬁ> pole:
[ > kruh:

=slim):
blue,thic

WS

-1.5..1.5,arro

-1.5.1.5,y

fieldplot( [1,2],x=

-1..1,colour

=-1..1y=

=1,x

implicitplot(x*2+y”"2

] 4):
[ > display(pole,kruh,scaling

kness

“proch

tle=

frame,ti

constrained,axes=

azka po kruznici:’);

prochazka po Kruznici:
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diff([cos(t),sin(t)],1);

> dPhidt:

dPhidt :=[-sin(t), cogt)]




[ > ivalue:=innerprod([a,b],dPhidt);
L ivalue := —asin(t) + b coqt)
[ > int(ivalue, t=0..2*Pi);
L 0
prace vykonanaipprochazce po kruhu za konstantnilétry je nulova

>
> implicitplot3d(x*2+y”2+z"2=1,x=-1..1,y=-1..1,z=-1.. 1,scaling=

constrained,style=patchnogrid,title="koule:");
koule:

1 T

[ >
[ > divergence:=diff(x,x)+diff(y,y)+diff(z,z);
divergence :=3

1- y —z
3dxdydz—J f/ f/ 3dxdydz

1«\/12«/1y—z




| M={(r, 8, @)eR®: 0<=r<=1, 112<=0<=1v2, 0<=p<=2r1}

[ > jacob:=jacobian([r*cos(theta)*cos(phi),r*cos(theta)

r*sin(theta)],[r,theta,phi]);

coq0) coqJ@) -rsin(B) coq )
jacob :=| cog0) sin(@) -r sin(0) sin(@)
sin(0) r coy9)

C> determinant:=det(jacob):

[

I
[
[
[
[
[
[

>
>

abs(int(int(int(3*determinant,r = 0 .. 1),theta = -
Pi/2),phi = 0 .. 2*Pi));

41T

4mtje hledany povrch jednotkové koule.

>

vnitrek:=ellipse([0,0], sqrt(5), sqrt(5/4), filled=
color=wheat):
sek:=display(seq(plot([sqrt(5)*cos(t),sqrt(5/4)*sin
/5*Pi],colour=blue,thickness=4),n=0..10),insequence
display(sek,vnitrek,title="animovana prochazka po k
elipsy:’);

—r coq9) sin( )
r cog0) coq )
0

*sin(phi),

Pi/2 ..

true,

(1),t=0..n
=true):
raji



animovana prochazka po kraji elipsy:

>
| kiivka @(t) je hladka na celém intervalu <2
[ > Phi:=t->[sqrt(5)*cos(t),sqrt(5/4)*sin(t),0];

o=t {«/E codt),ﬁsin(t), O}

"> tau:=t->[-sqgrt(5)*sin(t),sqrt(5/4)*cos(t),0];

T:=t > {—«/E sin(t),ﬁcos(t), O}

> crossprod([0,0,1],tau(t));
[%ﬁ cog(t), —/5 sin(t), o}

f>
[ > dx:=f->diff(f,x): dy:=f->diff(f,y): dz:=f->diff(f,z ):
[ > rotace:=[dy(y)-dz(x),dz(z)-dx(y),dx(x)-dy(z)];

rotace:=[1, 1, 1]

?

frot( F) dS=J rot(F(S(u,v))) (a% SJ X (a% Sj dudv

L D
[ > normala:=crossprod([1,0,0],[0,1,0]);

normala :=[0, 0, 1]




[ > ivalue:=innerprod([1,1,1],normala);
ivalue :=1
1 dudv—ff I 1duav
D
> |nt(|nt(|value u = -sqrt(5 vA2) .. sqrt(5-v"2)),v = -sgrt(5)
.. sgrt(5));
L STT
Vysledek jefF do=5m
]
]
]
]
]
]
[ >
[ > valec:=implicitplot3d(x*2+y"2=1,x=-1..1,y=-1..1,z=2 ..4,style=
| patchnogrid):
[ > rovina:=plot3d([x,y,y+3],x=-1..1,y=-1..1):
[ > elipsa:=spacecurve([cos(t),sin(t),sin(t)+3],t=0..2* Pi,thickne
| ss=4,color=blue):
[ > display(valec,rovina,elipsa,orientation=[-49,54],ti tle="elips

a v pruniku roviny a valce:’);




>

L rotace :=[-2, 3, 5|
[ > S:=(u,v)->[u,v,v+3]:
[ > normala:=crossprod(diff(S(u,v),u),diff(S(u,v),v));
i normala :=[0, -1, 1]
[ > ivalue:=innerprod(rotace,normala);

ivalue :=2

? 1 1—v2
Jrot(F) dS=j 2 dudv :j 2 du dv
D -1 /1—v2

S int(int(2,u = -sqrt(1-v*2) .. sqrt(1-v*2)),v = -1.
2m

21tje hodnota integrélJF do

elipsa v pruniku roviny a valce:

[ > rotace:=[dy(-2*y)-dz(5*x),dz(3*z)-dx(-2*y),dx(5*X)-

dy(3*2)];

- 1);



[ >

[ > pole:=fieldplot3d([1,1,0],x=-1..1,y=-1..1,z=-1..1,a rrows=SLIM
):
koule:=implicitplot3d(x*2+y"2+z"2=1,x=-1..1,y=-1..1 ,z=-1..1):
display(pole,koule,orientation=[12,56],title="koule ve

vektorovem poli:",scaling=constrained);

koule ve vektorovem poli:

?

0 0
JF dS=| F(S(@,0)) (acp Sj X (09 SJ dudv
"> S::(p?]i,theta)->[cos(theta)*cos(phi), cos(theta)*si n(phi),

sin(theta)];
] S:=(9 8) - [cog6) cog9), cog6) sin(¢), sin(6)]
[ > dSdphi:=diff(S(phi,theta),phi);
dSdphi :=[—cogq0) sin(®), cog0) cog @), 0]
[ > dSdtheta:=diff(S(phi,theta),theta);
dSdtheta :=[ —sin(8) coq @), —sin(0) sin( @), cog0)]
> normala:=crossprod(dSdphi,dSdtheta);
normala ;=

[ coqB8)? cog @), cog 8)? sin( ), cog 0) sin(¢)® sin(8) + cog ) cog @) sin(B)]




[ > ivalue:=innerprod([1,1,0],normala);

NS

2 T
fF ds =J J coq8)* cog @) + cog 8)? sin(p) do de
0 T
L T2
[ > int(int(ivalue,theta = -Pi/2 .. Pi/2),phi =0 .. 2*
0

Integrél je roven 0.

\%

T

\%

JF ds:fMdiv( F) dxdydz

> divergence:=dx(1)+dy(1)+dz(0);

divergence:=0
ProtoZe je divergence 0 je integrél roven 0.

>

> umyvadlo:=plot3d([(3*v)*(1/8)*cos(phi),(3*v)(1/8)*

],v=0.00001..1,phi=0..2*Pi,style=patchnogrid,title=

L)

[ > vir:=fieldplot3d([((1-sqrt(x"2+y"2))*2)*(-y),((1-sq
)"2)*x,z/6-1/6],x=-0.7..0.7,y=-0.7..0.7,z=0.1..1,a
K):

> display(umyvadlo,vir);

[
[
[
[
[
[
[
[

ivalue := cog 8)? cog @) + cog 8)? sin( )

Pi);

sin(phi),v
“umyvadlo:

rt((x"2+y"2
rrows=THIC



i

>

umyvadlo:

?

JF dS=J F(S(u,v)) (% SJ X (aiv SJ dudv

\

\%

D
S:=(u,v)->[u,v,0];

S:=(u,Vv) - [uv,0]
dSdu:=diff(S(u,v),u);

dSdu:=[1, 0, Q]
dSdv:=diff(S(u,v),v);

dsdv:=[0, 1, Q]
normala:=crossprod(dSdu,dSdv);

normala :=[0, 0, 1]
F:=(x,y,2)->[((1-sqrt(x"2+y"2))"2*(-y), (1-sqrt(x"2
, 216-1/6)];

2 2 1
F:=(xY,2) _{_(1_4/),24,)(2) Y, (1=4/ Y +5%) X, o2~

ivalue:=-1/6:

int(int(-1/6,u = -sqrt(1-v~2) .. sqrt(1-v~2)),v = -

1

6

+y2)2

|



o4

| Okamzity pfitok vody kanalkem je -116

-l Laplaceova transformace

[ > with(inttrans):

S obraz:=laplace((D@ @3)(y)(t)+(D@@2)(y)(t)=6*t+exp(-t

6
~D(y)(0) —sy(0) =2

ﬁ > y0:=0: dy0:=1: ddy0:=1:
| > s*(s*(s*laplace(y(t).t,s)-y(0))-D(y)(0))- @@ (D, 2)(
*laplace(y(t),t,s)-y(0))-D(y)(0) = 6*1/(s"2)+1/(1+s

s(s(slaplacdy(t) 1 s)-y(0)) - D(y)(0)) - (D*))(y)(0)

6
+s(slaplacgy(t) t s)-y(0)) - D(y)(0) =2 t1+s
C > solve(s*(s*(s*laplace(y(t),t,s)-y(0))-D(y)(0))- @@
)ts*(s*laplace(y(t),t,s)-y(0))-D(y)(0) =
6*1/(s"2)+1/(1+s),laplace(y(t),t,s));

(6+6s+s’+25"y(0) +s’y(0) + 25’ D(y)(0) +s' D(y)(0) + D(y)(0) &’
(2) (2)

L (D)0 F+ (D )(y)0) S+ Y(0)) / (s'(1+5))

[ > Iresult:=(2*sM*y0+s"5*y0+2*s"3*dy0+s"4*dy0+ddyO*s”

+s73*y0+dy0*s"2+6+6*s+s"2)/(s"3*(2*s+s"2+1));

6+3°+5+35+6sS
S(2s+5+1)

1+s

Iresult :=
S dresult:=invlaplace(lresult,s,t);

-t
| dresult =9 - 6t+3t—e ' (8+1)
> plot(dresult,t=-2..2,title="reseni diferencialni ro

),1,S);

obraz := s* laplacdy(t) t 5) - (D")(y)(0) - sD(y)(0) - £y(0) + £ laplacd y(t) } s)

y)(0)+s*(s

);

(D,2)(y)(0

2+ddy0*s"3

vnice:’);



reseni diferencialni rovnice:

101

| Diferencialni rovnici vzhledem k pocate¢nim podminkam fesi rovnice: y(t)=

 3t2-6t+9-te " —ge "

1

>
> lequation:=laplace((D@@3)(y)(1)-3*(D@@2)(y)(t)+3*D( y)(®)-y(t)
=exp(t),t,s);
lequation := s’ laplacdy(t) £ 5) = (D' )(y)(0) - sD(y)(0) - 5’ y(0)
-3 laplacéy(t) t s) +3D(y)(0)+ 3sy(0) + 3slaplacdy(t) t s)-3y(0)

1
7 - laplacgy(t) t s) = o1
[ > Iresult:=solve(lequation,laplace(y(t),t,s));
Iresult := (1+65y(0) - 3y(0)+ (D' )(y)(0) s - (D' )(y)(0) + D(y)(0) &
- 45D(y)(0) +5’y(0) - 45" y(0) + 3D(y) (0)) / ((s=1) ('-35 +35-1))
| S vyuzitim p@atetnich podminek:
> dresult:=invlaplace(1/(s"4-4*s"3+6*s"2-4*s+1),s,1);




1
dresult :==t* €'
L 6
[ 3
Diferenciélni rovnicireSi funkce y(t)= 5
> plot(1/6*t"3*exp(t),t=-2..2,colour=blue,thickness=3 [title="re
seni diferencialni rovnice: ,axes=boxed);
reseni diferencialni rovnice:
107
8,
6,
4_
2_
O_
-2 K 0 1 2
L t
]
]
]
]
]
]
>
[ > reseni:=dsolve(diff(y(x),x)+2*y(x)=sin(3*x)-exp(-X) );
: 3 2 (=) . (-2%)
reseni :=y(x) =—_—_-cog 3x) +__-sin( 3x) — +e C1
7 Y(x) == c0g( 3x) +_sin(3x) K
> |equation:=laplace(diff(y(x),x)+2*y(x)=sin(3*x)-exp (-x),x,8);
1
lequation :=slaplacgy(x) x s) —y(0) + 2laplacgy(x) x s)=" -
s+9 1l+s




[ > solve(lequation,laplace(y(t),t,s));

(1+65y(0) - 3y(0)+ (D )(y)(0)s— (D”)(y)(0) + D(y)(0) & - 45 D(y)(0)
+57y(0) - 45°y(0) + 3D(y) (0)) / ((s-1) (- 35 +35-1))

[ > dresult:=invlaplace(s*(-s"2-s"3-9-9*s-6+3*s-5"2)/(3 *sN3+sMN4+2

7*s+11*s"2+18),s,1);

dresult :=-Dirad(t) + e(_t) + ° coq 3t) + 2 sin( 3t) — ° e(_Zt)
j a 13 13 13
[ > pole:=dfieldplot(diff(y(x),x)+2*y(x)=sin(3*x)-exp(- X),y(X),x=
| -3..3,y=-3..2,arrows=THICK,colour=wheat):
[ > krivka:=plot(dresult,t=-3..3,colour=blue,thickness= 3):
[ > display(pole,krivka,title="reseni diferencialni rov nice:’);
reseni diferencialni rovnice:
2,
X
3 -2 1 1 2
14
-2
L -37
]
]
]
]
]
[ >

> lequation:=laplace(4*diff(y(t),t)-y(t)=exp(2*t)*cos (2*1),t,9)

lequation :=




s-2
(s—2-21)(s-2+21)

4 slaplacdy(t) t s) —4y(0) - laplacdy(t) t s)=
> y(0):=2;

L y(0) =2
[ > Iresult:=solve(lequation,laplace(y(t),t,s));

Iresult = (1+ 6sy(0) ~ 3y(0)+ (D ”)(y)(0) s~ (D)(y)(0) + D(y)(0) &
—4sDwxoy+§ya»—4§ya»+3D@om»//«s—n(§—3§+3s—1»
[ > dresult:=invlaplace(lresult,s,t);

dresult :=9-6t+3t—¢ " (8+1)

[ > pole:=dfieldplot(4*diff(y(t),t)+y(t)=exp(2*t)*cos(2 *1),y(1),t
| =-1..3,y=-3..2,arrows=THICK,colour=[t/3,y/3,1]):

[ > krivka:=plot(dresult,t=-1..3,colour=blue,thickness= 3):

[ > display(pole,krivka,title="reseni diferencialni rov nice:’);

reseni diferencialni rovnice:

Vi

222 3
Vitl
YViltitoat
vytidtoatrtt
Yyllivoatrtt
viltivoatrtt
vilttidtvosoatrtt
Yyllivroattt
Yytltidvotrtrt
Yy lbitiv oAttt
vy blb a2ttt
VWyibldvoatrtt
AR PR IR .

>
Nejprve zkusime weSit rovnici klasickou cestou:

-



[ > dresult:=dsolve(diff(y(t),t)-5*y(t)=(cos(3*t))"2,y( t);
dresult := y(t) = — cog 6t) +— sin(6t) - —+¢°"_C1
| 122 61 10 -
| Sestrojime Laplads obraz:
[ > lequation:=laplace(diff(y(t),t)-5*y(t)=(cos(3*t))"2 t,S);
_ 18+
lequation :=slaplacdy(t) t s) —y(0) - 5laplacqy(t) t s)=———
| (S°+36)s
[ > Iresult:=solve(s*laplace(y(t),t,s)-y(0)-5*laplace(y (,t,8) =
18*(1+1/18*s"2)/(s*(s"2+36)),laplace(y(t),t,s));
18+ + s y(0) + 365y(0)
Iresult :=
I s(s+36) (s—-5)
[ > dresult:=invlaplace(lresult,s,t);
i dresult :=9- 6t+3t—¢ ' (8+1)
[ > pll:=plot(-(s"3+36*s-18-s"2)/(s"3+36*s-5*s"2-180),s =2..5,colo
| ur=red,thickness=2):
[ > pl2:=plot(-(s"3+36*s-18-5"2)/(s"3+36*s-5*s"2-180),s =5..8,colo
| ur=red,thickness=2):
[ > pl3:=plot(-Dirac(t)-262/61*exp(5*t)+18/61*cos(6*t)+ 15/61*sin(
6*t),t=0.001..0.55,colour=blue,thickness=3):

> tx1l:=textplot([5,10, obraz’)):
tx2:=textplot([0.5,-10, vzor']):
> display(pl1,pl2,pl3,tx1,tx2,title="Reseni diferenci alni
rovnice a jeho Laplaceuv obraz:’);
Reseni diferencialni rovnice a jeho Laplaceuv obraz:

\%

1 T

; —2*s = Bfs"2+1/(1+:




1

>
> dequation:=sum((-1)"i*diff(y(t),t$i), i=0..n)=1;

dequation := Z (-1)i (i y(t)] =1

i=0

>
[ > lequation:=sum((-2)"i*s"i*laplace(y(t),t,s), i=0..n )=1/s;
 laplacdy(t) t 5)(-25)" " laplacdy(t) £ 5) _1
lequation :=— + =—
2s+1 2s+1 S

"> Iresult:=solve(lequation,laplace(y(t),t,s));
(2) (2)
Iresult := (1 +65y(0) = 3y(0)+ (D ")(y)(0)s= (D" )(y)(0) + D(y)(0) s’
- 45D(y)(0) +s°y(0) - 45 y(0) + 3D(y)(0)) / ((s-1) (-3 +35-1))
" Laplacéiv obraz pro funkei f(x)=1 je jednoduchy L(f)=1/syNiz-1 + 2s-45* +8 S’
| zkusime rozlozit na s@in.
[ > factor(-1+2*s-4*s"2+8*s"3);
(2s-1) (45 +1)
> dresult:=invlaplace(lresult,s,t);

dresult :=9- 6t +3t* - e(_t) (8+1)
> dresult:=invlaplace(lresult,s,t);

dresult:=9-6t+3P—¢ ° (8+1)
> fx:=unapply(dresult,t,n);

ii=(tn) - 9-6t+3t—e " (8+1)

[ > sekvence:=seq(display(plot(fx(t,n),t=0..2,colour=bl ue,thickne
ss=3,title="ahoj),textplot([0.2,0.4,convert(n,stri ng)])),n=2

| ..10):

[ > display(sekvence,insequence=true,title="animace pos loupnosti

reseni rovnic pro stoupajici n:’);




animace posloupnosti reseni rovnic pro stoupajici n:

)

[ > evalf(fx(1,3));

2.689085029
>

>
> factor(-1+2*s-4*s"2+8*s"3);

T

(2s-1) (45 +1)

1

>

[ > £:=1/(XN7-T*X"6+17*X"5-55*XxM+79*x"3+87*x"2+63*x+13 5):
[ > laplace(f,x,s);

1
i Ia'Ol{jlc{(x—ss) (x—5)(x+1)(x2+9)(x2+1)’x’sj
| Jak se zda, Maple se neumi poradit s tak komplikowaacionalni funkci. Rozlozime funkci
| na parcialni zlomky:
> convert(f,parfrac,x);




1 1 1 11- 3x -39-Xx

ﬁ Rozlozili jsme funkci na saet rékolika jednodusSich.
[ > laplace(1/(x-3),x,S);

e % (Ei(1, -35) +In(-s) - In(s))
[ > Ifl:=s->1/1440*exp(-3*s)*Ei(3*s):
> laplace(1/(x-5),x,S);

e °¥ (Ei(1, -5) + In(-s) - In(s))
[ > If2:=s->-1/10608*exp(-5*s)*Ei(5*s):
> laplace(1/(x+1),x,s);

e’ Ei(1, s)
[ > If3:=s->-1/480*exp(s)*Ei(-s):
> laplace((39+x)/(x"2+9),x,S);

1 13 - 1 13
(———IjEi(l,-3Is)e(3|5)+(—+—lJEi(1,3Is)e(3|s)
2" 2 2" 2

> |f4:=s->-1/24480*(-(cos(sqrt(9)*s)-13/3*sqrt(9)*sin
))*Ci(sqrt(9)*s)-(sin(sqrt(9)*s)+13/3*sqrt(9)*cos(s
*Ssi(sqrt(9)*s)):

> laplace((-11+3*x)/(x"2+1),X,S);

(§+1—1|j Ei(1,-1s)e +(§—1—1|j Ei(1,sl)e””

2 2 2 2

> |f5:=s->-1/2080*(-(3*cos(s)+11*sin(s))*Ci(s)-(3*sin

L (s))*Ssi(s)):

| Laplacéiv obraz funkce ziskame jako setiobraz jednodusSich funkci:

[ > If:=s->If1(s)+If2(s)+If3(S)+If4(s)+If5(S);

If :=s - If1(S) +1f2(s) + If3(s) + If4(s) + If5(s)

[ > f:=X->1/(XNT-T*XN6+17*XN5-55*XN+79*x"3+87*X"2+63*X

> fl:=x->-1/1440*1/(x-3): f2:=x->1/10608*1/(x-5):
f3:=x->1/480*1/(x+1): f4:=x->-1/24480*(39+x)/(x"2+9
f5:=x->-1/2080*(-11+3*X)/(x"2+1):

[ > main:=plot(f(x),x=0..2,colour=red,thickness=3):

> snd:=plot({f1(x),f2(x),f3(x),f4(x),f5(x)},x=0..2,co

L)

> display(main,snd,title="Vzor pro Laplaceovu transfo
soucet funkci:’);

+ - + +
480 (x+1) 10608 k-5) 1440(x-3) 2080 (C+1) 24480 +9)

(sgrt(9)*s
qrt(9)*s))

(s)-11*cos

+135):

lour=wheat

rmaci jako



Vzor pro Laplaceovu transformaci jako soucet funkei:

0.007-
0.006-
0.005-
0.004-
0.003 |
0.002

0.001 |

[ >
[ > Imain:=plot(lf(s),s=0..2,colour=blue,thickness=3):
[ > Ind:=plot({If1(s),If2(s),If3(s),If4(s),If5(s)},s=0. .2,colour=
| wheat):

> display(Imain,Ind,title="Laplaceuv obraz jako souce t
funkci:’);




optimalizace:’);

Laplaceuv cbraz jako soucet funkei:
0.0121
0.01]
0.008]
0.006
0.004-
0.0021
0 02 04 06 08 1 12 2
-0.0021 s
=/ Variaéni pocet
[ >
[ > Fi=y"2+4%y*y1+4*y172:
[ > Fy:=diff(F,y); Fyyl:=diff(Fy,y1); Fyly1l:=diff(diff( F,yl),yl);
Fty1:=diff(diff(F,t),y1);
Fy:=2y+4yl
Fyyl:=4
Fylyl =8
L Ftyl:=0
 Eulerova rovnice pro F:
[ > dsolve(Fylyl*diff(y(t),t)+Fyyl*y(t)+Fty1l-2*y(t)-4*d iff(y(t),t
)=0,y(1));
t
-3
L y(t)=_Cle
| Pro splgni okrajovych podminek je konstararovna 1.
> plot(exp(-1/2*t),t=0..1,colour=red,thickness=3ititl e=reseni



1 T

0.91
0.8

0.71

0.6

reseni optimalizace:

funkce y(t)=

\

0.2 0.4 0.6 0.8

minimalizuje V[y].

> Fi=2*y*eM+y"2-y112;

F:=2ye +y -y1?

> Fy:=diff(F,y); Fyyl:=diff(Fy,y1); Fylyl:=diff(diff(
Fty1:=diff(diff(F,t),y1);

Fy:=2€e+2y
Fyyl:=0
Fylyl :=-2
Ftyl:=0

> eeq:=-2*diff(y(t),t$2)-2*exp(t)-2*y(t)=0;

d2
eeq :=—2(£y(t)]—2et—2y(t)20

F.yl),yl);



[ > vysledek:=dsolve(eeq,y(t));

1
vysledek := y(t) = sin(t) _C2 +coqt) C1 - e

"> y:=t->(-1/2*cos(t)*exp(t)-1/2*sin(t)*exp(t))*sin(t) +(-1/2*cos
(H)*exp(t)+1/2*sin(t)*exp(t))*cos(t)+_Cl*sin(t)+_ C2 *cos(t);

- (1 L j (1 L j
y:=t - —2cos(t)e—23|n(t)e sin(t) + —2cos(t)e+23|n(t)e coqt)

i + Clsin(t) + _C2coqt)
[ > evalf(y(0));

| -0.5000000006- _C2

| Z toho plyne, Ze c2=3/2

[ > ¢2:=3/2:

[ > evalf(y(2));

L -3.694528049 0.909297426&1 - 0.4161468365C2

[ > cl:=solve(-3.694528050+.9092974268*c1-.4161468365*3 /2=1,cl);

L cl :=5.849294354
[ >
[ > y(t):=t->(-1/2*cos(t)*exp(t)-1/2*sin(t)*exp(t))*sin (O)+(-1/2*
cos(t)*exp(t)+1/2*sin(t)*exp(t))*cos(t)+5.849294354 *sin(t)+3/
2*cos(t);

y(t) =t - (—% coqt) € —%sin(t) etj sin(t) + (—% coqt) € +%sin(t) etj coqt)

3
+5.849294354in 1 ¥ 5 coqt)

> plot((-1/2*cos(t)*exp(t)-1/2*sin(t)*exp(t))*sin(t)+ (-1/2*cos(
t)*exp(t)+1/2*sin(t)*exp(t))*cos(t)+5.849294354*sin (H)+3/2*co
s(t),t=0..2,title="reseni
optimalizace:",colour=blue,thickness=3);




3'5_,

2'5_,

1'5_,

reseni optimalizace:




