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~ Obyéejné diferencialni rovnice - ODR v realném oboru
vyhledal a vyesil
Rudolf Frark, rfra7138@orion.karlin.mff.cuni.cz

=/ ODR - nékolik definic a vt potiebnych pro Us@sné prekonani zaludnosti
diferencialnich rovnic

=/ véta o existenci a jednoznénosti

UvaZujme obeahnelinearni diferencialni rovnici x” = f(t,x) , kdeje dana spojita funkce
promgnnych "t" a "x" definovana na ot&né mnozis G 0 R X je neznama funkce
promeEnné t a X" zné prvni derivaci x podle t.

Definice:

Rikame, Ze funkce g jesenim rovnice x =f(t,x) v intervalu (a,b), jestligro kazdé f (a,b’
je (t, g(t) 0 G O R, g ma spojitou derivaci g~ a pro kazdé (a,b) plati g (t) = f(t, g(t)).
Definice:

Budiz dana funkce f definovana ve viech bodecthgziny A.Rikame, Ze f spiuje v A
Lipschitzovu podminku vzhledem k x, existuje-li lstenta L > O takova, ze plati t{, ) O
A, (%) OA} = |f(t, x,) = f(t %) < L|x, - x|

Poznamka:

Rovnice x” = f(t,x) spolu s gateeni podminkou gf) =X, , kde {,, x,) O G (dle definice
1.1), se nazyva tzv. Cauchyova uloha.

Véta :

Nech funkce f je v intervalu C}I - t0| <a, | X = x0| <b,0<a,0<bspojita (a tedy
omezenatlo < M tak, Zeif(t, X) | <M, (t,x)0Q) a sphuje v Q Lipschitzovu podmninku

b
vzhledem k x s konstantou L. Polozme m'm[a,ﬁj. Potom plati:

1.ExistujefeSeni g rovnice X" = f(t,x v intervalu < h, t; + h>, pro které jey(t,) = x,. Graf
feSeni g profil <t, - h, t,+ h>leziv Q.

2. TotofeSeni je jedinné v nasledujicim smyslu: Jetg$enim rovnice X = f(t,x) v interve
<a,b>, kde,-h<a, ast,t;<b,b<t,+haje-lih(ty)) =x,je h(t) = g(t) v <a,b>.

=] Globalni véta o existenci a jednoznénosti

Véta :

Bud’ funkce f definovana a spojita na atené mnozit G O R a nechi tam spiuje lokalrg
Lipschitzovu podminku. Bl (t,, x,) O G a b’ x feSeni rovnice x" = f(t,x) sipljici
podminkux(t,) = x, definované na intervaluis— h, t, + h>. Ozna@me A = inf {a | a<t, a
existujereSeni x rovnice x” = f(t,x) w(t,>, (t, x(t)) O G, tO (o,t,>, x(t,) =%, }, B =sup {
BIp< t, a existujgeSeni y rovnice x” = f(t,x) \gB> (t, x(t)) O G, tO (t,.B>, y(ty) =%, }
Potom existuje existuje jedindiéSeni rovnice X" = f(t,x) v intervalu (A,B) leziciG a




nabyvajici hodnoty, v bod t,.
ObecnéreSeni linearni diferencialni rovnice prvnihoradu

MaximalniteSeni diferencialni rovnice je takokaSeni, které je je definované na celém
defini¢énim oboru této rovnice

Obecné&eSeni rovnice x” + a(t)*x = b(t) je rovno sbw maximalnihdeseni této rovnice a
obecnéhdeSeni homogenni rovnice x” + a(t)*y = 0.

Diferencialni rovnice n-téhoiadu s konstantnimi koeficienty
Jednd se o rovnice, které maji tu vyhodu, Ze kzealigiejichieSeni st& algebraické

operace. Tyto rovnice maji tvgfx) = Z a, (D(r))(y(x)) , 9(t) je obéné néjaka komplexn
r=0
funkce - jedné-li se o rovnici nehomogenni, q(tp6 rovnice homogenni.

A
Dosadime-li do rovnice za y(x) funk«-:(i & , vznikne ndm jiny polynom

- (n-r)
FA) =2, a, A
r=0

Definice:

n
PolynomF(\) = Z a, )\(n_r) nazyvame chrakteristickym polynomeitigtusné
r=0

diferencialni rovnice)(x) = Z a (D(r))(y(x)).
r=0
Tvrzeni:

n
Funkcee(A 9 je feSenim rovnicé = Z a, (D(r))(y(x)) praw kdyZA je ka‘enem
chrakteristického polynomu. o
Definice nékterych dilezitych pojmi pro reSeni diferencialnich rovnic
n-tého Fadu
Definice:
Nelht funkcef,, f, .. f,, 1 < k jsou obect komplexni funkce definované na intervallu (a,b).
Existuji-li komplexnicislac,, c, .. ¢, takova, ze, f, + ¢, f, ..c f, = 0 pro vSechna x z (a,b),
kde aspa jedno zciselc,, c, .. ¢, je mizné od nulyfikame, Ze funkcg, f, .. f, jsou linearg
zavislé, v pipact, ze platic, = 0 pro vSechna<k, 1 <], pak jsouf;, f, .., linearre
nezavislé.

Definice:

Bud f,, f, .. f, systém funkci v (a,b) takovy, Ze existuji derivebéj))(fi(x)) , kde i =

1,2.....k, j=0,1,...k-1 pro vSechn&lxa,b). Determinant definovany nasledujicim vzor:

nazyvame Wronského determinant, nebo také Wronskizot x.

- > WI1]..fin]](x)=Det([f[1](x),f[2](x)..fKIC]..[ @@ (Dk
-1)(f[1](x)), @@" (D k-1)(f[2](x)).. @@ (D k-1)(f[n] ND);



Wfl__f (x) = Def( [sin(x) + cog X), sin(X) + cogX) ..sin(x) +coIX)] .. [

D1g k-1)(SIN(X)) + Dy g (-1 (COLX)),

D1y -1)(SIN(X)) + Dyg k- 1)(COLX)) .. Dyg - 1)(SIN(X)) + Dy g -1 (COLX))])
Hranaté zavorky zgaradek matice.

Véta:
Neclt funkcey,, y, ..y, jsouieSeni rovnice n-teéhi@du v intervalu (a,b) pak Wronskian

W, , (x) je bul roven nule vSude v (a,b), nebo je naopak vSudrubdnizny.
17°n

Definince:

MnoZzinu n lineéra nezavislycheSeni v (a,b ) homogenni diferencialni rovnicehet@du
nazyvame fundamentalnim systémem této rovnice.

Poznamka:

Fundamentalni systém jecen pro kazdou rovnici jednozéra.

B Diferencialni rovnice n-téhoradu - metoda variace konstant

Neclht zname fundamentalni systém dané rovnice a vimeynkeey,(x) maji spojitou

n
prvni derivaci ay(x) = Z c(x) yi(x) je partikularnieSeni této diferencialni rovnice.
i=1

Definice:

OznameW . (X) pro k=1...n determinant, ketry dostaneme z Wrigmsk
n

K, Xl’XZ .

W, ., (x)tak, ze poIoZimtaq(I =0proi=0,1..,n-2 ak(n_l) = 1. Pro jednotlivé slozky
1'"2""n
feSeni soustavy tak dostanefgde q(x) je prava strandiypodni rovnice).

Wk, Xl’XZ X (X)
Z toho snadno vyj&timec,(x) = K, + | q(x) W y dx kde k=1...n.

n
Reseni rovnice pak obdrzime takE V(X)) [a(x) dx.
k=1 Wx,x ..x(x)

=| Diferencialni rovnice n-tého¥adu - Eulerovy rovnice

Eulerovy rovnice jsou rovnice typu L(x)ag X" (D(n))(y(x)) +..+a,_, xD(y(x)) +a,y(x)
|, kdea,, i=1..n jsou komplexniisla

? Priklady raznych druhd ODR



=] Elemmentarni piipady diferencialnich rovnic, linearni diferencialni
rovnice prvniho radu

B méjme rovnici tvaru y” = h(t), kde h je spojita v iatvalu (a,b)
[ > diff(y(t),t)=2*t;

d (t)y=2t
I a’ "
[ > y(t):=int(2*t,t)+c;

y(t) = t?+c

| [ kde c je gjaka konstanta
E Méjme rovnici tvaru y* = k(y(x))*I(x), kde "k" a "I" jsou dané spoijité funkce
Poznamka:
Rovnici tvaru y” = k(y(x))*I(x) Ize poré&rné snadno vieSit nasledujici tpravou
> int(diff(y(x),x)/k(y(x)),x)=int(I(x),x);

d
o y(x)
k(y(x))

dx:JI(x) dx

B Piiklad prvni
| Zadani
[ > diff(y(x),x)=3*y(X)"(2/3)*X;

d (213)
X =3y(x) X
L X

- Vypocet

| provedeme integeai ¢ast

[ > int((diff(y(x),x))/(3*y(x)(2/3)),x)=int(x,X)+c;
(1/3) _ ﬁ

y(X)

5 3
X
y(X) = (? + Cj

| Toto je maximalnfeSeni n&, le¢ ne jedinné. Jiné maximaltéSeni je nafklad
L y(x):=0, ale také
[ > y1(X):=(x+K)"3,x<-K;

| cje ngjaka konstanta, & R
[ > y(X)=(1/2*x"2+C)"3;

y1(x) ;= (x+ K)3, x<-K

> y1(x):=0, -K<x,x<K;

y1(x) :=0, -K <x,x<K
> y1(x):=(x-K)"3,x>K;

I y1(x) := (x = K)3 K <x
| Ajak by to dtlal Maple sam ?




> dsolve(diff(y(x),x)=3*y(X)(2/3)*x,y(X));

(1/3) X
-—=-_C1=0
2

y(x)
| [ ZcehoZ je patrné, Ze ndm vySel stejny vysledek, yagi@dchozim psotupu
| =] Prikiad druhy

| Zadani

[ > diff(y(x),x)=1+y(x)"2;

o Y =1y (x)
> diff(y(x),x)*1/(1+y(x)"2)=1,
d
o Y
— -1
1+y(x)
[ > int(diff(y(x),x)*1/(1+y(x)"2),X)=x+c;
arctarfy k ) =x+c
> y(x)=tan(x+c);

i y(x) =tan(x +c)
| Ajak by to dtlal Maple
[ > dsolve(diff(y(x),x)=1+y(X)"2, y(X));

y(x) =tan(x +_C1)

B Re3eni rovnice zalozené na uhodnuti viech funkcidammentalniho systému, nebo
na zvlastnich upravach
B Piiklad prvni - zaloZeni na uhodnuti vSech funkci fdamentalniho systému

Zadani

> @@ (D,2)(y(x))-(x/(x-1))*D(y(x))+y(x)*(1/(x-1))=0;

D
(0™)ty(0) -2 K

t jako y1 si zvolime funkci, ktera ma y1™"=0, fidgad y1 = x a zkusime dosadit
> y1(x):=x; @@ (D,2)(y1(x))-(x/(x-1))*D(y1(x))+y1(x)* 1

/(x-1));

y1(Xx) ;=X
D
(D(Z))(X) - Xx—()i) " x)—( 1

"> simplify( @@"(D,2)(y1(x))-(x/(x-1))*D(yL(x))+y1(x)* 1

/(x-1)));

(0™)(x) x= (D®)(x) ~xD(x) +x

L x-1

Tento vyraz je jiz evidenthroven nule, y1 je tedy jedno maximaiageni.

| Jako y2 si zvolme naiklad exp(x), derivace y2 nemi - Ize tak vytknout exp(x)

| Z rovnice na levé stran
[ > exp(X)*(1-(x/(x-1))+(1/(x-1)))=0;




e" (1 G ! j =0
L Xx-1 x-1
[ > simplify(exp(x)*(1-(x/(x-1))+(1/(x-1)))=0);
0=0
Tedy i y2 je maximalninieSenim této rovnice.
Lze si dale vSimnout, Ze x a exp(x) jsou funkcedim® nezavislé. Tvi tedy
fundamentalni systém této rovnice.

CelkovéieSeni Ize tedy zapsat ve tvaru
> y(X):=c1l*x+c2*exp(X);

i y(X) :=clx+c2¢€
| kde c1 a c2 jsoudgjaké konstanty
Mame-li dany &jaké paateini podminky: nafiklad

> y(0):=x[0];
I ¥(0) :=%,
| pak Ize porérné snadno dopitat
[ > c1:=D(x[0])-x[0];c2:=x[0];
cl:=D(Xy) — %,
| C2:=X,
> y=y,
y:=y

ﬁ "MapleteSeni”
[ > dsolve( diff(y(x),x,x) - (x/(x-1))*diff(y(x),x) +
y(x)*(1/(x-1)) = 0);

L y(x)= _Clx+ _C2¢
[ >
[ ReZeni se tedy shoduji
| =] Piikiad druhy
Zadani
> D(y(x))-y(x)*tan(x)=exp(x);
i D(y(x)) - y(x) tan(x) = €'
Celou rovnici vynasobim cos(x), cos(x) jené od nuly - dle zadani
[ > D(y(x))*cos(x)-y(x)*sin(x)=exp(x)*cos(x);
i D(y(x)) cogx) - y(x) sin(x) = € cogx)
[ > D(y(x))*cos(x)-y(x)*sin(x)=D(y(x)*cos(x));
D(y(x)) cogx) = y(x) sin(x) = D(y(x)) cogx) +y(x) D(cogX))
[ > exp(X)*cos(x)=D(y(x)*cos(x));
i €' cogx) = D(y(x)) co{x) +y(x) D(cogx))
[ > y(X)=(int(exp(x)*cos(x),x)+c)/cos(X);
1y 1
2 cogx) + 2e sin(x) +c¢
| y(x) = cox)
> y(x)=1/2*exp(x)*(1+tan(x))+c/cos(x);




—:—Lex 1+ +
7 V(9 = € (Letani)) +

T T
Tyto funkce jsodeSenim na intervaledh- E + KT, E +kmg , kOZ

Error, '} unexpected

[ RreSeni po Mapleovsku

[ > dsolve(diff(y(x),x)-y(x)*tan(x)=exp(x),y(X));
_C1 1€ (cogx)+sin(x))

y(x) = +

L cogx) 2 cog x)

| [ Obe reSeni se tedy shoduji

|| Prikiad teti

Zadani

[ > D(y(x))=-sart(1-y(x)"2);

D(y(x)) ==/ 1 - y(x)’

ﬁ Tento vyraz Ize upravit nasledujicimizobem:
[ > -D(y(x))/sqrt(1-y(x)"2)=1;

D(Y(x) _,
i A 1-y(x)
[ Snadno Ize nahlédnout, ze

[ > -D(y(x))/sqgrt(1-y(x)"2)=D(arccos(y(x)));
D(y(x))

- m =D(arccogy & ))
~y(x

t Dosadime-Ili do fedchozi Upravy rovnice:
[ > D(arccos(y(x)))=1;

L D(arccogy & ))=1
[ > arccos(y(x))=x+c;

L arccogy K )=x+c
[ > y(X)=cos(x+c);

L y(x) = cogx+c)
" Kde x0O (-c,-c+)

>

>

>
Warning, premature end of input

[ >

| MaplereSeni

[ > dsolve(diff(y(x),x)=-sqrt(1-y(x)"2),y(X));

. y(x) =-sin(x+ _C1)

[ > dsolve(diff(y(x),x)=-sqrt(1-y(x)"2),y(X))=x-arccos(
X))

(y(x) =-sin(x+ _C1)) =x-arccogy & )



| Koneiné vysledky se tedy shoduiji
| =] Prikiad étvrty
Zadani
[ > D(y(x))+y(x)*cotg(x)=exp(-X);
(_
D(y(x)) +y(x) cotg(x) =e

ﬁ Celou rovnici vynasobim sin(x)
[ > D(y(x))*sin(x)+y(x)*cos(x)=exp(-x)*sin(x);

X)

, D(y(x)) sin(x) + y(x) cogx) =€ sin(x)
"> D(y(x))*sin(x)+y(x)*cos(x)=D(y(x)*sin(x));

i D(y(x)) sin(x) +y(x) cogx) = D(y(x)) sin(x) +y(x) D(sin(x))
[ > D(y(x)*sin(x))=exp(-x)*sin(x);

, D(y(x)) sin(x) +y(x) D(sin(x)) =€ " sin(x)
_ Nyni provedeme integtai cast
[ > y(X)*sin(X)=int(exp(-x)*sin(x),x)+c;
o1 1 (% .
y(x) sin(x) = = e coqx)- > e sin(x)+c

| Nasledr vzjadime y(x)
[ > y(x)=-1/2*exp(-x)*(1+cotg(x))+c/sin(X);

_ Ly
y(x)=—e (1+cotQ(X))+Sin(X)

" kde cO R a x0 (ki (k+1)r), k0 Z

Error, missing operator or °;°

t A Maple ?

[ > dsolve(diff(y(x),x)+y(x)*(cos(x)/sin(x))=exp(-x),y( X)
);

c1 167 (cogx) +sin(x))

y(x)="———"--7 :
L sin(x) 2 sin(x)
| [ Coz se shoduje s vySe uvedenggienim

E Riccatiova rovnice
Jedna se o rovnici typu

> diff(y(x),x)=P(x)*y(x)"2+Q(x)*y (x)+R(x);

d
YO0 =P() y(X)? +Q(x) y(X) + R(X)

| Kde P,Q,R jsou spojité funkce v intervalu (a,b)
[ >

| Zadani pikladu

[ > diff(y(x),X)=x*y(X)"2+x"2*y(X)-2*x"3+1,;

d 2 2 3
Y00 =Xy Y0 =2+ 1

| Je patrné, Ze jednimigSeni této rovnice je "x", pouzijme pomocnou furd(si),
L 9(x)<>0




> y(x)=x+1/(g(x));

Y= g0

[ > X*(x+1/g(x))N2+x"2*(x+1/g(x))-2*x"3+1;

2
x(x+ g(lx)j +x2(x+$j—2x3+l

> simplify (x*(x+1/g(x))"2+x"2*(x+1/g(x))-2*x"3+1)=dif f(x+
1/9(x),X);
d
33X g(x) +x+9(x)° _dx 9(x)
9(x)* 9(x)*

"> diff(g(x),X)+3*X2*g(X)=-X;

(E g(x)j +3 % g(x) = X
L dx
[ > dsolve(diff(g(x),x)+3*x"2*g(x)=-x,9(Xx));

2\ (2 S
R
(—x7)

gx)=e ' Cl-=
— (213)
3 (-¢)

t A koneng tedy:
[ > y(X)=x+exp(x*3)/((-int(exp(x*3)*x,x)+_C1));
3

(x7)
e

2 2
K (1) r(—j 2 (-1)" r(—, —x3j
1 1 (1/3) 3 3
3(' ) _3(2/3) _3(2/3)

(=) (=)

y(x) =x+

+ C1

ﬁ Maple :
> dsolve(diff(y(x),X)=x*y(X) 2+x"2*y(x)-2*x 3+1,y(X))

3

3 Clxe

() cir|=|- cir s ¢ |+1
3 3

X ((—)(3)(1/ Yy ) r@ B R r@ —X3D

o a3 earfe)e
() _cir|g]-_cir g f+1

E Metoda transformace proénnych
Zadani
> diff(y(x),x)=(y(x)+x)"2;

+

d 2
oY) = (Y(x) +x)



| Provedeme transformaci:
> y(X)=g(x)-X;
! y(x) =g(x) - x
[ > diff(y(x),x)=diff(g(x)-x,X);
4= Lot
OIXy(x)— o g(x)
> diff(g(x),x)=(y(x)+x)"2+1;

d 2
390 =) +x)?+ 1
X
[ > diff(g(x),x)=g(x)"2+1;

d 2
i g(x)=g(x)"+1
X

Je patrné, Ze jsmeypodni tlohu pevedli velmi jednodusgesSitelny tvar:
> dsolve(diff(g(x),x)=g(x)"2+1,9(x));

g(x)=tan(x+_ C1)

1

> g(x)=tan(x+c);
] g(x) =tan(x +c)
> y(¥)=9(x)-X;

i y(x) =9(x) = X
[ > y(x)=tan(x+c)-x;

L y(x) =tan(x+c) — x

| xOR
[ Coz jeieSeni

B Linearni diferencialni rovnice prvniha‘adu
B Homogenni

Zadani

v (-1,1)reSte:

[ > diff(y(x),x)=y(x)/sqrt(1-x"2);

y(x)

i 1-%

| Funkce 1/sqrt(1-x"2) je spojita na intervalu (-1dRz i maximalnieSeni rovnice

| je definovano na tomto intervalu

[ > diff(y(x),x)/y(x)=1/sqrt(1-x"2);

a
OIXy(X) =

d
o y(X)

1

I yx)  Lf1-4

[ > In(y(x))=int((1/sqrt(1-x"2)),x)+c;

In(y(x)) = arcsir(x) + ¢

(> y(x)=exp(arcsin(x)+c);

(arcsin(x) +¢)

i y(x)=e




_=| Nehomogenni

Zadani
| Mame rovnici v obecném tvaru
[ > diff(y(x),x)=h(x)*y(x)+ch(x);

d
4 YO = h0x) y(x) +ehlx)
X

h a ch jsou spojité funkce v (a,b), existuje-lavh) alespd jedno x, tak, ze
ch(x) # 0, pak nazyvame rovnici nehomogenni.

>

>

Warning, premature end of input

© Zadani
[ > diff(y(x),x)=(-1/X)*y(x)+3*X;
9 ==Y 5
L dx X
> ch(xX)=3*x;
L ch(x) =3x
[ > h(x)=-1/x;
et
(==

ﬁ Nejprve spoitame fundamentalni funkci:
[ > XX(X)=exp(int(h(x),X));

(Jh(x) dx)
| XX(x)=e
[ > XX=exp(int(-1/x,x))*c1;

D(%) =%,

XX =————
L X
| kde cl i c je jaka nenulova konstanta
[ > y(X)=c/x+1/x*int(3*x"2,X);

C 2
y(x) =7 *X
L X
[ >
. Maple:
> dsolve(diff(y(x),x)=(-1/x)*y(x)+3*x,y(X));
X+ _C1

y(x) =
X

B Rovnice n-téhoiradu s konstantnimi koeficienty

Rovnice tvaruz a, (D(r))(y(x)) =L(y(x))
r=0
B Homogenni rovnice

E Priklad prvni




Zadani
(> @@ (D,3)(y(x))- @@ (D,2)(y(x))-4*D(y(x))+4*y(x)=0;

, (D7)(y(x)) = (D7) (¥(x)) =4 D(y(x)) + 4y(x) =0
| Charakteristicka rovnice vypada nasledujicimsgibem
[ > diff(diff(diff(exp(I*x),x),x),x)-diff(diff(exp(I*x)
), X)-4*diff(exp(I*x),x)+4*exp(I*x)=0;
>

(1) (I'x) (Ix) (1)
| Be “-12e “-4le “+4e =0
[ > exp(*x)<>0;

(1%
e 20

"> (diff(diff(diff(exp(I*x),x),x),x)/exp(I*x)-diff(dif
exp(I*x),x),x)/exp(I*x)-4*diff(exp(I*x),x)/exp(I*x)
*exp(I*x)/exp(I*x))=0;

j P-1?-41+4=0

[ > 1[1,2,3]=solve(I"3-1"2-4*|+4 = 0);

I, 5 3=(1,2-2)

(>

[ > y(xX)=cl*exp(1*x)+c2*exp(2*x)+c3*exp(-2*X);

2X)
+

(-2x)
c3e

| Y(X) = (D(%) = %) & + %, €

[ >

. A Maple ?

> dsolve(diff(diff(diff(y(x),x),x),x)-diff(diff(y(x),
X)-4#liff(y(). ) +4*Y(<)=0,y(4)):

yo)= cle P+ c2e?+ c3e

| xOR

|=| Priklad druhy

Zadani

(> @@ (D,15)(y(x))+2*( @@ (D,12)(y(x)))- @@ (D,11)(y(
)+ @@ (D,9)(y(x))-2* (@@ (D,8)(y(x)))- @@ (D,5)(y(x
:O;

(0" )(y(x)) +2 (D) (y(x)) - (D) (y(x)) + (D)(y(x))

(8) (5)
—2(D )(y(x))-(D )(¥(x))=0
_ Nyni snadno sestavime charakteristicky polynom
[ > |MN15+2*M12-IN11+1M9-2*|78-1"5=0;
| |15+2|12_|ll+|9_2|8_|5:o
[ > I[1..15]=solve(I"15+2*1"12-1"11+|"9-2*I"8-I"5=0);

. 15:(

f(
+4

)



11 11 11 11
0,0000 1I,-lI,Zz+Z14y3, 72143 ,-+2143 -7l 3,-1,-1,-1)
2 2 2 2 2 2 2 2

[ >

[ > y(x)=cl*exp(0)+c2*x*exp(0)+c3*(x*2)*exp(0)+cd*(x"3) *e
xp(0)+c5*(x4)*exp(0)+c6*sin(x)+c7*cos(x)+c8*exp(-x )+
cO*x*exp(-x)+cl0*(x 2)*exp(-x)+cll*exp(x)+cl2*exp(( 1/
2)*x)*cos(sqrt(3)*x/2)+cl13*x*exp((1/2)*x)*cos(sqrt( 3)
*x/2)+cl4*exp((1/2)*x)*sin(sqrt(3)*x/2)+c15*x*exp(( 1/

2)*x)*sin(sqrt(3)*x/2);
Y(X) =D(Xy) =Xy + Xy X+ c3 X2 +c4 X2 +c5 x* + ¢6 sin(x) + ¢7 cog x)

ﬁxj

2

+cl3x e@ CO{ﬁ Xj +cl4 e[§J si{@j +c15X e@ sir{@j

2

X
i i i 3
86 Vrcoxe Prcioxe P aclle+ci2e cos(

[ >

. Maple:
[ > dsolve(diff(y(X),X,X,X,X,X,X,X,X,X,X,X,X,X,X,X) +
2*diff(y (X)X, X, X, X, X, X, X, X, X, X, X, X) -

diff(y (X), X, X, X, X, X, X, X, X, X, X,X) +
diff(y(X),X,X,X,X,X,X,X,X,X) -
2*diff(y(X),X,X,X,X,X,X,X,X) -
diff(y(x),x,X,x,%,X)=0,y(x));

X)

X)

x+ Cae P2+ C5+ C6x+ CTX

ﬁxj

2

+_C13 e@ co{@] +_Cl4 eGJ sir(@J x+_C15 e@ co{ /3 X] X

y(x)= _cle+ c2e Y+ cae”

X
+ C8x3+ COx*+ Cl0sin(x)+ Cl1cogx)+ CI2 e(ZJ sir(

[ >
[ >
B Nehomogenni rovnice feSeni metodou variace konstatnt

B Piiklad prvni

Zadani

" Bud f(x) spojita funkce v intervalu (a,b)
>

>

>
Warning, premature end of input

> @@ (D.2)(y(X)-y(X)=f(x);

(2)
i (D" )(y(x)) —y(x) =f(x)
. Nejprve vyeSime homogenni rovnici

r




(> @@ (D,2)(y(x))-y(x)=0;

, (D) (y(x)) - y(x) =0
| Muzeme sestavit chrakteristicky polynom

> AM°-1=0

>

>

Warning, premature end of input

C > I[1,2]=solve(lambda”2-1=0);
I, ,=(1,-1)
(=x)

Fundamentalni systém této homogenni rovnict fuincee’ a A
prtikularnireSeni vypada takto:
Error, missing operator or °;

S y(X)=cl*exp(x)+c2*exp(-X);

Y(X) = (D(%,) ~ %) €+ %€

i Nyni nastupuje metoda variace konstant - mistotkomsbudeme chapat cl a c2
| jako funkce prordnné x
[ > y(X)=cl(x)*exp(x)+c2(x)*exp(-X);

, Y(X) = (D(%)(X) = %(X)) € +x,(x) € "
[ > D(y(x))=diff(c1(x)*exp(x)+c2(x)*exp(-X),X);

d
D(y(x)) = ((D“’)(xoxx) - (d—x xo(x)D &'+ (D(x)() = x(x)) €

+ (dgx xo(x)j e - Xo(X) e "

ﬁ Zvolim si
[ > diff(c1(x),x)*exp(x)+diff(c2(x),x)*exp(-X)=0;

d d X
((D“’)(xﬁ(x)—(d—xxo(x)j]€+(d—xxo(x>]e( =0

"> D(y(x))=simplify( diff(c1(x)*exp(x)+c2(x)*exp(-X),x )
’{exp(x)*exp(-x):1,diff(cl(x),x)*exp(x)+diff(02(x),x )*
exp(-x)=0});

4(x) * (DOG)(X) = X)) (€)
D(y(x)) = &

> @@ (D,2)(y(x))=diff(cL(x)*exp(x)-c2(x)*exp(-X),X);

d
(0™)(y(0) = ((D(”)(xoxx) - (d—x xo(x)B €'+ (D()(X) = %)) &

d () (—X)
—(d—xxo(x)je +x0(x) e
[ >

.



> @@ (D,2)(y(x)) = simplify(

diff(c1(x),x)*exp(x)+cl(x)*exp(x)-diff(c2(x),x)*exp (-
X)+c2(x)*exp(-X) ,

{exp(x)*exp(-x)=1,diff(c1(x),x)*exp(x)+diff(c2(x),x )*
exp(-x)=0});

d
2) XO(X) +(D(X0)(X)_XO(X)) (eX)Z—Z(d—XXO()Qj
(D )(y(x)) = .

(> @@ (D.2)(y(x)) = y(x)-2*(diff(c2(x).x))*exp(-x);

(2) _ (4 (-x)
(D )(y(x)) =y(x) Z(dXXO(X)je

i Vysledek naSeho snazeni je, Ze mame jednoduchatesoudvou rovnic o dvou
| neznamych:
[ > diff(c1(x),x)*exp(x)+diff(c2(x),x)*exp(-x)=0;
(2) d d (-x)
D - = e+ (— ] =0
7 (( )(%)(x) (dx xo(x)j] ~%(0) | €
[ > -2*diff(c2(x),x)*exp(-x)=f(x);

-2 (3 (x)j e ™ =f(x)
L dx %o
[ > dsolve(-2*diff(c2(x),x)*exp(-x)=f(x),c2(X));

Xo(X) = J'—é f(x) €dx+ C1

t Se&tenim obou rovnic ziskame c1(x):

[ > diff(c1(x),x)*exp(x)+diff(c2(x),x)*exp(-x)-diff(c2( X)
X)*exp(-x)=1/2*f(x);

>

d 1
((D‘”)(xo)(x) - (d—x xo(x)jj &=21(0)
[ > cL(x)=int(1/2*(x)*exp(-x),x)+_C2:

D(%)(X) = Xg(X) = E f(x)e dx+ C2

t Konetny vysledek tedy vypada nasledujicinigpebem
[ > y(x)=exp(X)*(int(1/2*f(x)*exp(-x),x)+_cl) +
exp(-x)*(-1/2*int(f(x)*exp(x),x)+_c2);

y(x) = €" [E f(x)e " dx+ _clJ e (% Jf(x) & dx + _czj

| Pro vSechna Xl (a,b)

[ >

. A Maple ?

| > dsolve( diff(diff((y(x)),x),x)-y(x) = f(x),y(x));




- 1 - _
yx)=_C2e '+ cle- > Uf(x) & dx - Jf(x) e " dx e(“)j e
| Vysledky se tedy shoduji
| =] Prikiad druhy
Zadani
> D(y(x))-2*y(X)/x=2*x"3;

2y(x)
D(y(x)) ==~ =2x
 Nejprve vyeSime homogenni rovnici
> D(y(x))-2*y(x)/x=0;

2y(x)
D(y(x)) == =0
C > dsolve(diff(y(x),x)-2*y(x)/x=0,y(x));
I y(x) = _C1x
| Obdrzené partikularrieSeni opt upravime tak, ze _C1 chapeme jako funkci
| nagiklad c(x):
[ > y(X)=c(x)*x"2;
i y(x) = c(x) X°
[ > D(y(x))=diff(c(x)*x"2,x);

d
D(y(x)) = (& C(x)j ¢ + 2 ¢(X) X

ﬁ Nyni dosadime dotwodni rovnice
[ > diff(c(X)*x"2,X)-2*y(X)/x=2*x"3;

(d% c(x)j ¢ +2¢(X) X — 2y(x) _ 2%
S simplify(diff(c(x)*x"2,x)-2*y(x)/x=2*x"3,{y(X)=c(X) *X
"2});
d 23
L (dxc(x)]x - 2x
[ > dsolve(diff(c(x),x)*x"2 = 2*x"3,c(X));
>
c(x)=x*+ C1

S y(xX)=(x"2+_C1)*x"2;

, y(x) = (¢ +_C1)x*
[ > y(X)=x"4+c*x"2;

| y(x) =x*+c X
[ >

. A Maple ...

{ > dsolve(diff(y(x),x)-2*y(x)/x=2*x"3,y(X));

y(x) = (x+_C1) X

? Poznamka k prvnimu fikladu

Zadani



> diff(y(x),%,X)-y(X)=f(X);
>

d2
(d_xz Y(X)j —y(x) =1(x)

| f(x) je spojita v (a,b)

_ Nejprve spéteme Wronskian

[ > WI[x[1],x[2]](x)=Det(array(1..2,1..2,[[exp(X),exp(-X )
[exp(x),-exp(-x)]1));

_ & e
| R
[ > with(linalg):

[ > WI[x[1],x[2]](x)=det(array(1..2,1..2,[[exp(X),exp(-X )]
[exp(x),-exp(-X)]]));
W, ()=-2¢ e ™

G s L (%) o . .
Tim jsme mj. owili linearni nezavislost ae . Z ¢ehoz vyplyva ze tyto dv
funkce tvdi fundamentélni systém této rovnice.

Error, missing operator or °;°

B Rovnice n-téhoirddu, které Ize upravit na rovnice s konstantnimi
koeficienty

B Eulerovy Rovnice
| =] Piikiad prvni
Zadani
> x"22@@ (D,2)(y(x))+3*D(y(x))*x+y(x)=0;

(2)
i x*(D7)(y(x)) +3D(y(x)) x +y(x) =0
. Nejprve vytvadime chrakteristickou rovnici
[ > I*¥(-1)+3*1+1=0;

L [(1-1)+31+1=0
. Maple upravi za nas :-)
[ > simplify(I*(I-1)+3*+1=0);

i I>+21+1=0

| A taky spa@itéd kareny :-)))

[ > I[1,2]=solve(I*(I-1)+3*I+1=0);

| I, ,=(-1,-1)

| Podle kaeni chrakteristické rovnice snadno sestavieteni y(x)
[ > y(x)=cl/x+c2/x*In(x);

y(x) =

D(X) — % . %o In(X)
X

X

[ cl,c20R



. Poznamka:
. Pokud by | = 1 byl k-nasobny ken, pak by y(x) vypadalo nasled@vn

[ > y(x)=cl/x+c2/x*In(x)..+cN*In(X)*"N/x;
D(%) =% % In(X) N In(x)"
y(x) = + .
L X X
. A Maple zcela sam ?
[ > dsolve(x*2*diff(diff(y(x),x),x)+3*diff(y(x),X)*x+y( X)
=0,y(x));
_C1 _C2In(x)
yX) == 7
0>
| =] Prikiad druhy
Zadani
> X3 @@ (D,3)(y(x)+3*x"2* @@ (D,2)(y(x))+x*D(y(x)) -y
(X)=x+2;

, 2 (D7)(y(x)) + 35 (D?)(y(x)) + D(Y(x)) X~ y(x) = x+ 2
 Nejprve vyeSime homogenni rovnici

(> x"3* @@ (D,3)(y(x)+3*x"2* @@ (D, 2)(y(x))+x*D(y(x)) -y
(x)=0;

, % (D' 7)(y(x)) + 32 (D”)(y(x)) + D(y(x)) X~ y(x) = 0

| Charakteristicka rovnice

[ > %(-1)*(1-2)+3*1*(1-1)+1-1=0;

I 1(1-1) (1-2)+3I(I-1)+1-1=0

"> simplify(I*(I-1)*(1-2)+3**(I-1)+l-1=0);

| P-1=0

[ > 1[1,2,3]=solve(simplify(I*(I-1)*(1-2)+3**(I-1)+I-1 =0

);
| —(1 }+1I 3 1 EI 3}
L2377 2 2 2 2

ﬁ Z toho relativg snadno sestavime partikularageni yp(x)
[ > xN-1/2+1/2*1*37(1/2))=simplify (x\(-1/2+1/2*1*3"(1/ 2)
).{x=exp(In(abs(x)))});

(-1/2+1/2143) _

|X|(1/2|J§)

VX

=cog 2In ( )) +sin( 2In (x)) |

[ > xA(2*1)=cos(2*In(x))+*sin(2*In(x));
(21)
X

[
> yp(X)=cl*x+c2*1/(sqrt(abs(x)))*cos(sqrt(3)/2*In(abs (x
)))+c3*1/(sqrt(abs(x)))*sin(sqrt(3)/2*In(abs(x)));




X, cos@ﬁlnd x|)J cssireﬁm(l x|)J

YP(X) = (D(xg) = Xp) X+ ¢
A x| x|
[ >

| CelkovéreSeni

[ > y(x)=cl*x+c2*1/(sqgrt(abs(x)))*cos(sqrt(3)/2*In(abs( X)
))+c3*1/(sqrt(abs(x)))*sin(sqrt(3)/2*In(abs(x)))-2+ 1/
3*x*In(abs(x));

xoco{gﬁlndxlﬂ cssireﬁlndxl)j
y(x) = (D(X) = %p) X + m + m -2

7 +§x In(|x|)

[ >

. Maple ...

> dsolve( diff(diff(diff(y(x),x),x),x) +
3*x"2*diff(diff(y(x),x),x) + x*diff(y(x),Xx) - y(x) =
x+0,y(X));
" ) 3
e ’ Whittakerr\/(i,1 ,x3j
3 (712) 18 3 ] -1 1 3
y(x)= [3x - x(5/2) dx Whittaker 18'3 X j

o

- x3j

[‘? : 11,

e WhittakerW — — x
18 3

X

o/

. -11 4 i 171
9 WhittakerM —,—,x” | WhittakerWW — ,— X
18 3 18 3

. -11 4 _ 171 (712)
+ 7 WhittakerW — — x° | WhittakerM —,— ,x" | |dxx+ |3 X
18 3 18 3

) 11 [7
WhittakerW| — — x| e
183

_ 11, ) 171
9 WhittakerM —,—,x” | WhittakerWW — ,— X
18 3 18 3

ittakerd £ L 3 [?J
+ 5/2) dx Whittaker 18’3’X e



] 11 ) 17 1
+ 7 WhittakerW — — X jWhlttaker —, =X D dx
183 18’3’
(2]
) , 11,
e WhittakerM —,— X

18 3 j 11
" axx— |3x""? Whittaker!\/(— = ,xsj
X( ) 18 3

. -11 , 171
9 WhittakerM —,—,x* | WhittakerWW — ,— X
183 18’3
) 11, _ 171
+ 7 WhittakerW — ,— X | Whittaker 1_85)( dx

r

e Wh|ttaker\A£— X j

(5/2)

dxx+ C1x

r X3
T -11
e WhittakerM —,— ,x J
183’
+ C2 5/2) dx x
X
d X3
T2 _ 11,
e WhittakerW — ,— X
183
+ C3 5/2) dx x
X
B Jiny piFipad
| =] Jedinny piklad
Zadani
ntlZz

(> (1x"2)* @@’ (D,2)(y(x))-x*D(y(X))+n"2*y(x)=0;
(1) (D) (y(x)) = x D(y(x)) + n? y(x) = 0

[ Provedeme substituci
> x=cos(phee);

X = cog phee)
[ > D(y(x))=diff(y(phee),phee)*D(phee(x));

d
D(y(x)) = (p—y(phee)j D(phegx))




[ > diff(y(phee),phee)*D(phee(x))=-(1/sin(phee))*diff(y (p
hee),phee);

d
——vy(ph
Clloheey(|o ee)

sin( phee)

d
(W ¥( phee)J D(phegx)) = -

ﬁ Obdrzime tedy
[ > D(y(x))=-(1/sin(phee))*diff(y(phee),phee);

d
——vy(ph
O||0heey(|o ee)

sin(phee)

D(y(x)) =~
[ Adéle

> @@ (D,2)(y(x))=(-1/sin(phee))*diff(-(1/sin(phee))* di
ff(y(phee),phee),phee);

2

(L J d (phee)
y(phee) | coq phee) dpheezy p

dphee ~
2 _ sin( phee)’ sin(phee)
(D)(¥(x)) =~ p—
> simplify((-1/sin(phee))*diff(-(1/sin(phee))*diff(y( ph

ee),phee),phee),{1-cos(phee)*2=sin(x)"2});
2

d
dphee’ y(phee) (dp_h y(phee)j coq phee)

sin( phee)? sin(phee)®
[ Po z@tném dosazeni do rovnice dostanerfekpapiv jednoduchy vysledek
> (I-x"2)* @@ (D,2)(y(x))- X*D(y(X))+n“2*y(X) 0;

(1-) (D7)(y(x)) = xD(y(x)) +n y(x) =0

[ > simplify((1-cos(phee)*2)*(-diff(y(phee),phee)*cos(p he
e)+diff(diff(y(phee),phee),phee)*sin(phee))/sin(phe e)
N3 -
cos(phee)*(-1/sin(phee))*diff(y(phee),phee)+n”*2*y(p he
e),{1-cos(phee)*2=sin(phee)"2,cos(phee)*2+sin(phee) n2
=1});

d2

H( >Y( phee)) +n?y( phee)] sin(phee)

dphee

d2
" (_(dpheez ¥( phee)j -n*y( phee)j sin( phee) cog phee)zj / (

sin( phee) - sin(phee) cog phee)?)

> (diff(diff(y(phee),phee),phee)+n*2*y(phee))*sin(phe e)
+(-diff(diff(y(phee),phee),phee)-n"2*y(phee))*sin(p he
e)*cos(phee)*2=sin(phee)"3*(diff(diff(y(phee),phee) P

hee))+sin(phee)*3*n"2*y(phee);




=

d2
Hdpheez ¥( phee)J +n?y( phee)] sin(phee)

d2
' (_[dpheez 4 phee)J —n" Y Phee)] sin( phee) cog phee)” =

2

sin( phee)® (dp(:]eez y( phee)] + n? y(phee) sin( phee)?

"> sin(phee)-sin(phee)*cos(phee)*2=sin(phee)"3;

sin( phee) — sin(phee) coq phee) = sin( phee)
[ Rovnice, ktera nam vyjde dosazenim vypada takto
> (diff(diff(y(phee),phee),phee))+n"2*y(phee)=0;

d2
( e y( phee)] +n’y(phee) =0

| Jedna se o pafme jednoduchou rovnici druhéhlédu
[ > dsolve((diff(diff(y(phee),phee),phee))+n"2*y(phee)= 0,
y(phee));

y(phee) = _C1 sin(n phee) + _C2 cogq n phee)

Fundamentalm systém této rovniceifvionkcecoq n phee) asin(n phee)
Error, missing operator or °;°

t Nyni upravime vysledek praipodni pron¢nnou x
[ > y(x)=cl*cos(n*arccos(x))+c2*sin(n*arccos(x));

| Y(x) = (D(Xy) — X;) co{narccogx)) + X, sin(n arccogx))

| Pomoci Moivrovy ¥ty Ize vysledek jestupravit

[ > with(combinat,numbcomb):

[ > cos(n*arccos(x))=Sum((-1)"k*t*(n-2)*Numbcomb(n,2*k) K
=0..n/2);

n

cognarccogx)) = Z (-l)kt(n_z) Numbcomlgn 2 k)

[ > y(x)=c1*Sum((-1)"k*t"(n-2)*Numbcomb(n,2*k),k = O ..
1/2*n)+c2*sin(n*arccos(x));

y(X) =

n
2

(D(Xy) = %) Z (-l)kt(n_z) Numbcomi§n 2 k) |+ X, sin(n arcco§x))
k=0

[ inearni diferencialni rovnice n-téhoradu

=l ke

eni metodou variace konstatnt
Piiklad prvni



Zadani

| Najdéte reSeni nasledujici rovnice, znate-li fundamentajsiésn

[ > diff(y(x),x,X,X)+(3/x)*diff(y(x),x,X)-(2/x"2)*diff(
X),X)+(2/t"3)*y(X)=2*x"2;
>
2

— V(X
7 dx3y( )
[ > FS = [X,1/x"2,x*In(x)];

1
FS={X, —z,xln(x)}

X

T > c[K](X)=int( 2*x12 * ( (WK, X[1],X[2]. X[N]](X)) /
(WIX[1],x[2]..X[n] ]( X)) ) , X);

2X2Wk,x X e X (X)
Ck(X): 1'"2"n dx
le, Xy o xn(X)

(k=123
[ > WIX[1],x[2]..x[n]](X)=det(linalg[matrix](3,3,[X,1/x
X*IN(x), 1,(-2/x"3),1+In(x), 0,(6/x"4),1/X]));

9
WX1, X2 ..Xn(X) =~ ;

> WI[1,x[1],x[2]..x[n]](X)=det(linalg[matrix](3,3,[0,1
A2,x*In(x), 0,(-2/x"3),1+In(x), 2*x"2,(6/x"4),1/X])
W, Xl’XZ"Xn(X) =2+6In(x)

"> W[2,x[1],x[2]..x[n]](X)=det(linalg[matrix](3,3,[x,0
*In(x), 1,0,1+In(x), 0,2*x"2,1/X]));

_ 3
W2, X)X xn(X) =-2X

"> W[3,x[1],x[2]..x[n]](X)=det(linalg[matrix](3,3,[x,1
72,0, 1,(-2/x"3),0, 0,(6/x"4),2*x"2]));

W (x)=-6

3, Xl’ x2 X

ﬁ Podle teoretického vzorce poté obdrzime

[ > c[K](X)=KI[k]+ int( 2*x"2* (

(WK, X[1],x[2]..x[n]]1(X)) / (W[X[1],x[2]..X[n] ]( X
)+ X);

2X2Wk,x,x ..x(x)
c(X) =K, + L o dx
“ Wx,x ..x(X)
12" 'n

ﬁ Dosadime:
|

a d
(de’ J 3(dx2 y(x)] Z(dxy(x)j 2y(x)
+ - + =2

X X2 t3

y(

E Nasim Ukolem je za pomoci variace konstant nalé#tde c1(x), c2(x) a c3(x)

n2

/X

)



T

[ > c[1](X)=K[1]+int((2+6*In(x))/(-9/x"3),X);
4

X 1,
cl(x):Kl—E—gx In(x)

[ > c[2](x)=K[2]+int((-2*x"3)/(-9/x"3),X);
X?
C(X) =K, +——

63

"> c[3](X)=K[3]+int(-6/(-9/x"3),X);
X4
C3(X) = KS + E

ﬁ VyslednéreSeni y(x) dostaneme dosazenim
[ > y(X)=cl*x+c2*(1/x"2)+c3*x*In(X);

X0
y(x) = (D(x) -Xo)X+;+C3X|n(X)

"> y(X)=K[1]*x+K[2]*(1/x"2)+K[3]*x*In(X)+(-1/72*x"5-1/ 6*
X"5*n(x)+2/63*x"5+1/6*x"5*In(X));
K, X
y(x) = le+?+ K; xIn(x) +§

[ Coz je koneny vysledek

[ >
. A Maple ...
> dsolve(diff(y(x),x,x,x) + (3/x)*diff(y(x),x,X) -
{ (2/x"2)*diff(y(x),x) + (2t"3)*y(X)=2*x"2 , y(X)):

Poznamka
Metoda variace konstant se dale uziva u nehomogemnovnic Gznych druld.

B Metoda sniZenFadu diferencialni rovnice n-téhdadu
B Stabilizovany pad

. Méme rovnici tvaru: m- hmotnost, rho - odopr presii, g - graviténi konstanta
[ > m*diff(x(t),t,t)=m*g-rho*diff(x(t),t);

oot
m| 2X(0) |=mg=p| XV

i Celn m*g je zcela nezavisly na funkci x(t), diky toje mozné rovnici mith
| upravit a tim ji zjednodusit
[ > m*diff(x1(t),t)=m*g-rho*x1(t);

d
7 m(axl(t)J:mg—pxl(t)

. Nyni jiz potebujeme viesit pouze rovnici prvnihtadu
[ > dsolve(m*diff(x1(t),t)=m*g-rho*x1(t),x1(t));

mg [_%tj

x1(t)=—+e Cc1
p




> x(t)=int((m*g+exp(-1/m*rho*t)* C1*rho)/rho,t)+c2;

[ >
. Maple:
> dsolve(m*diff(x(t),t,t)=m*g-rho*diff(x(t),t),x(t));

e

me Cl mgt

X(t)=- -+ +_C2
L Y p
=] Pikiad
| Zadani
[ > diff(y(x),x,X,X)+p[3](x)*diff(y(x),x,x)+p[2](X)*dif f(

y(x).x)+p[1](x)*y(x)=0;

d* d? d
(@y(X)Jwg(X) (&Y(X)j pz(X)( (X)j+pl(><) y(x)=0

| Dale zname dvlinearré nezavisl&eseni
> y[1](¥)>0;y[2](x)>0;
0<y,(x)
i 0 <y,(x)
| Zavedeme substituci:
> y()=y[1(x)*g(x);
I y(x) =y,(x) 9(x)
[ > D(y(x))=diff(y[1](x)*9(x),x);

d d
D(Y(x)) = ( yl(x)jg(x)wl(x)( g(x)]
> @@ (D,2)(y(x)=diff(y[1](X)*g(X),X,X);

2

d d d?
(D?)(y(x)) = ( Xzyl(x)j g(x)+2( Y,(X) (d—g(x)jwl(x)( ng(x)j
(> @@ (D,3)(y(X)=diff(y[L]()*g(X).X,X,X);

d d
(D )(y(x)) ( 3y1(x)jg(x)+3( yl(x)j(d—g(x)j
d d?

( A )J( 2@J(x)j+y1(x)( 39(Xj

' Vznikne ndm rovnice, kterou nasledrjednodusime diky faktu, Zze y[1] je také
| feSeni rovnice
[ > diff(y[1](X)*g(X),X,X,X) +

P[3](x)*diff(y[1](})*g(x),x,x) +

p[2](x)*diff(y[1](})*g(x),x) +

P[L]()*y[1](x)*9(x)=0;




P ERR P [ R [P
dx3y1(x) 9(x) J x2y1(x) dxg(X) dxyl(x) dng(x)

d3
+Y,(X) o g(X)J

2000 [ ot sty 2[00 ) L0000 a0
Ps(X) d Xzyl(X) a(x) CIXyl(X) dxg(X) y1(X) J ng(X)

d d
+P,(X) ( yl(X)jg(X)+y1(X)( g(X)D+p1(X) y,i(X) g(x) =0

S simplify(diff(y[1](X)*g(x),X,X,X) +
P[31(x)*diff(y[1](x)*9(X),x.x) +

p[2](x)*diff(y[1](x)*g(x).x) + p[1](x)*y[1](x)*g(x) =0
A
diff(y[1](x),x,x,x)+p[3](x)*diff(y[1](x),x,X)*+P[2]( X)

*diff(y[1](x).x)+p[1]()*y[1](x)=0 } );

d d d?
2 py(x) yl(X) d—xg(X) +P5(X) Yi(X) ng(X)

d o d d
+Py(X) Y4(X) g(X) +Y,(X) 39(X) +3 yl(X) 2@1(><)

d2
+3 [& yl(X)J (& g(X)j =0

"> 2(x)=diff(g(x),X);

d
2X) = 4 9

| Obdrzime tak rovnici ve tvaru

>
P[3](x)*y[1](x)*diff(z(x),x)+y[1](x)*diff(diff(z(x) X
),X)+p[2](X)*y[1](x)*Z(x)+2*p[3](x)*diff(y[1](X),X) *z
(x)+3*diff(y[1](x),X)*diff(z(X),X)+3*diff(diff(y[1] (x

),X),X)*z(x) = 0;

2

d d
Ps(X) Y1(X) (d_x Z(X)j +y,(X) (& Z(X)] + Py(X) Y1(X) Z(x)

2

d d d d
T 2p5(X) |, Ya(¥) JZ(X) + 3] - wa(X) [ ZX) |+ 3 &yl(x) z(x)=0

| Kterou dale upravime

"> collect(p[3](X)*y[1](X)*diff(z(x),x)+y[L](x)*diff(d if
f(z(x),x),x)+p[2](x)*y[1](x)*Z(x)+2*p[3] (x)*diff(y[ 1]
(X),X)*2(x)+3*diff(y[ 1] (x),X)*diff(z(x),x)+3*diff(d if

fY[11(x).x).x)*z(x) = 0,z(x));

d o
(pz(x) Y,(X) + 2 ps(X) ( yl(x)j [dXZ yl(X)Jj Z(x)




() o0 [ o (0 -
PRI G200 [+ 00| 2200 [+ 3{ i || 200 =0
[ > collect(

P[3](X)*y[1](x)*diff(z(x),x)+diff(diff(z(x),X),X) +

p[2](x)*z(x) + 2*p[3](x)*diff(y[1](x),x)*z(x)/y[1](

+ 3*diff(y[1](x),x)*diff(z(x),x)/y[1](X) +

3*diff(diff(y[1](x),x),x)*z(x)/y[1](X) = 0,z(X));

d o
2p3(x)(&yl(x)j 3 &yl(X)
A T

| d
} Z(X) + py(X) y3(X) (& Z(X)j

d d
J_dz ( >]+ 3(d_xh(x)j(d_xz(x)j
Z( X

ax? y1(X)

t JednareSeni této rovnice
[ > w(x)=Diff((y[2](x)/y[1](X)),x);

ﬁ Nyni provedeme substituci

[ > z(X)=w(X)*u(x);

i z(x) =w(x) u(x)
[ > Diff(z(x),x)=diff(w(x)*u(x),X);

20+ oo )
OIXz(x)— de(X) u(x) +w(x) O|Xu(x)

T > Diff(z(x), %, X)=diff(W)*U(x), X, X);

d—2 z(x) = (d—z W(X)] u(x) +2 (E W(X)J (E u(x)j +w(x) (d—z u(x)]
o e dx dx &

' Po Gpra¢ pak dostaneme

[ > diff(diff(u(x),x),x) + ( 2*diff(w(x),x)/w(x) + 3* (

PI3](X)*y[1](x) + (diff(y[1](x).x))) /y[1](x)
(diff(u(x),x)) =0 ;

) sl

—u(x) WO ") ——u(x)

NS dx
| Opst budeme substituovat
> q(x)=(diff(u(x),x));

_d
4x) = u(x)

T > diff(q(x),x) + ( 2*diff(w(x),X)/w(x) + 3* (

PI3](x)*y[11(x) + (diff(y[1](x).x))) /y[1](X) )*q(x
=0 ;




d d
o)) oG]
7 o A% wx) y1(x) q(x)=0
[ > dsolve(diff(q(x),x) + ( 2*diff(w(x),x)/w(x) + 3* (

PI3](x)*y[11(x) + (diff(y[1](x).x))) /Y[1](X) )*q(x

=0 ,q(x));
(;xw(x)j 3(;1"1(’()} J
_— ——dx

w(x) 3py(x) - y,(x)

i g(x)=_Cle

[ > u(x)=int(q(x),x);

7 )= a0 ax
[ > z(x)=Diff((y[2](x)/y[1](x)),x)*Int(ci(X),X);

[ d [ YaX)
0= (dx[yl(x) D Ja o

g(x) = |z(x) dx
"> g()=int(DIff((y[21()/y[1](x)) X)*Int(a(x).X),%);

Yo(X
ao<| 2427 e

> g(x) = int(Diff((y[2)(<)/yY11(x)). x) () X)+
(Y[2](})/y[1](x))*int(q(x),x);

(x)= [ [yZ(X)D (x) dx+ f(x)dx
’ )00+ 65

i Abychom mohli uéit feSeni celé rovnice hledantett funkci fundamentélni
| rovnice "y[3](x)"
[ > YIBIX)=9(x)*y[1](X);

> g(X)=int(z(x),x);

i Y3(X) =yy(X) 9(x)
> g(x)*y[L](x)=y[1](x)*(int(Diff((y[2](x)/y[1](X)),X)
(x),x) + (Y[21(x)/y[1](x))*int(q(x),X));

y,(x)
) o) = yl(x)u( (2( )qudx Vi(x )JQ(X)O'XJ

"> collect(
9(x)*y[1](x)=y[1](x)*(int(Diff((y[2] (x)/y[1](x)).X)
(x),x) + (Y21 [1](x))*int(a(x),x)) , Y[1]1(x));




d [ Ya(X)
yi(X) 9(x) = ax (%) q(x)dxyl(x)+y2(x)fq(x)dx
1

"> collect( y[3](x) =
y[2](<)*(int(Diff((y[2](x)/y[1](X)),x)*q(x),X) +
(Y[2)(x)/y[1](x))*int(q(x),x)) , Y[1](X));

_ g Y2(X) d + f q
Y(X) = ax | ;00 q(x) dxy,(x) +y,(x) | q(x) dx
[ >

Jest si vSimréme linearni nezavislosti: y1 a y2 jsowdwN reSeni.
Zajima nas za jakych okolnosti je c1*yl+c2*y2+c3*¢3
cl*yl+c2*y2=0 pra¥ kdyz cl1 a c2 =0,
Podminky LN vSechit funkci budou patmsphieny, pokudy(x) # 0, tedy
z(x

— 29 redy pokud z(x) budeizné od

d {yz(X)J

dx \ y,(x)

d
Gx) = U0, U(x) =

d [ YalX
k(—( 2 D kde k je ®jaké cel&islo. To vSak plati a proto t¥ioyl,y2,y3
ax \ y;(x)

fundamentalni systém rovnice.
Error, missing operator or °;

>

. Maple ...

[ > dsolve(diff(y(x),x,x,x)+p[3](x)*diff(y(x),x,X)+p[2]
)*diff(y(x),x)+p[1](x)*y(x)=0,y(x));

y(x) = DESO(

d d? d*
{ py(X) _Y(X) + py(x) &_Y(X) +py(X) &_Y(x) + Q_Y(x) }

{_Y(x)} J

L



