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1 Residue theorem problems

We will solve several problems using the following theorem:
Theorem. (Residue theorem) Suppose U is a simply connected open subset
of the complex plane, and wy, ...,w, are finitely many points of U and f is a

function which is defined and holomorphic on U\ {w1,...,w,}. If ¢ is a simply
closed curve in U contaning the points wy in the interior, then

k
j{ f(z)dz= Qﬂines(f,wk).
® k=1

The following rules can be used for residue counting:

Theorem. (Rule 1) If f has a pole of order k at the point w then

1 o1
res (f,w) = (=] Zlgrqlﬂ ((z— w)kf(z))(k )

Theorem. (Rule 2) If f, g are holomorphic at the point w and f(w) # 0. If
g(w) =0, g'(w) # 0, then

Theorem. (Rule 3) If & is holomorphic at w and g has a simple pole at w, then
res (gh, w) = h(w) res (g, w).



We will use special formulas for special types of problems:

Theorem. ( TYPE I. Integral from a rational function in sin and cos.) If
Q(a,b) is a rational function of two complex variables such that for real a,b,
a®? +b?> =1is Q(a,b) finite, then the function

(o) = Q<z+21/z’ 2 23/Z>/(iz)

is rational, has no poles on the real line and

2m
Q(cost,sint) dt = 27i - Z res (T, a).

0 la]<1,T(a)=0c0

Example

27 1
/0 2 + cos(x) de



Theorem. ( TYPE II. Integral from a rational function. ) Suppose P,(Q are
polynomial of order m,n respectively, and n —m > 1 and @ has no real roots.
Then for the rational function f = g holds

“+o0
/ f(x)dx:Qm’Zres(f,wk),
e -

where all singularities of f with a positive imaginary part are considered in the
above sum.

\4

Example

“+o0
1
d
/_oo 1+a2 ™



Theorem. ( TYPE IIL Integral from a rational function multiplied by cos or
sin ) If @ is a rational function such that has no pole at the real line and for
2z — 00 is Q(z) = O(z71). For b > 0 denote f(z) = Q(2)e™®*. Then

+oo

3 (x) cos(bx) dx = Re <2m' . Zres (f, w))
+oo

3 (x)sin(bx) de = Im <2m' : Zrcs (f, w)>

where only w with a positive imaginary part are considered in the above sums.

Example

/+00M dz



1.1 Problem.

Using the Residue theorem evaluate

27 2
/ cos(x) i
o 13+ 12cos(x)

Type_I
Solution.
We denote
1 11
I(zz+=-)2
f(z) — _ 2 2 z

1
(13—|—62+6;)z

We find singularities

[{z=0}, (= 5} {2 = )]

The singularity
z=0
is in our region and we will add the following residue

13
f =—1
res(0, £(2)) = 17
The singularity

-3
z=—
2
will be skipped because the singularity is not in our region.

The singularity

_ 2
T3
is in our region and we will add the following residue
-2 1
69 I

res(?, f(z)) = ~730

Our sum is
13
2717 ( g res(z, {(z))) = T

The solution is

/27r cos(x)? 13
i 2 P
o 13+ 12cos(z) 45



We can try to solve it using real calculus and obtain the result
2T 2
3 13
/ cos(x) ge = B
o 13+ 12cos(z) 45

not_given

no_comment



1.2 Problem.

Using the Residue theorem evaluate

27 4
/ cos.(x) ds
o 1+sin(z)

Type_1
Solution.
We denote
1 1
I(zz+=--)*
f(z) = ——2 2
o 1 1

We find singularities

[{Z = 0}7 {Z = \/§+1}7 {Z = 17\[2}’ {Z = \/571}’ {Z = 717\6}3 {Z = OO}, {Z = 700}]

The singularity
z=0
is in our region and we will add the following residue
5
res(0, f(z)) = 5[
The singularity
z2=v2+1

will be skipped because the singularity is not in our region.
The singularity

z=1-42
is in our region and we will add the following residue

—768 /2410881
res(l = V2 1) = — V2

The singularity
z=v2-1
is in our region and we will add the following residue

—T768 /2410881
(V2 -1 M) = — V2

The singularity

z=—-1-2



will be skipped because the singularity is not in our region.
The singularity

z =00
will be skipped because only residues at finite singularities are counted.
The singularity

Z=—00
will be skipped because only residues at finite singularities are counted.

Our sum is
5 —7681+/2 410881
21w res(z, f(z))) =217 (=1+2
(reste f2) = 20w (1 + 2L 2 O
The solution is
27 4
— IvV2+1 I
/ cos'(x) 2d$:2[ﬂ’(§l+2 768 1 /2 + 1088 )
o 1+sin(z) 2 768 — 544/2

We can try to solve it using real calculus and obtain the result

/27r cos(x)* d 7 (42 —5)
0

1+mm2x(ﬁ+mﬁ7n

not_given

no_comment



1.3 Problem.

Using the Residue theorem evaluate

2m : 2
/ sin(x) de
0

i~ cos(x)
Type_I
Solution.
We denote
1
() = 1 I(z— ;)2
S S
4 2 2z

We find singularities

1
[{z =0}, {2 = 5} {z=2)]
The singularity
z=0
is in our region and we will add the following residue

5
res(0, f(2)) = ~1 I
The singularity

1
z ==

2

is in our region and we will add the following residue

1
res(i7 f(z)) = g[
The singularity

z=2
will be skipped because the singularity is not in our region.

Our sum is

217 (> res(z, f(2))) =7

10



The solution is

27 . 2
/ sin(z) dr = =
0 9

1 cos(z)

We can try to solve it using real calculus and obtain the result

27 . 2
/ sin(x) dr = 1
0 5

i~ cos(x)

not_given

no_comment

11



1.4 Problem.

Using the Residue theorem evaluate

27 1
/ - dx
o sin(x)? + 4 cos(x)?

Type_1

Solution.
We denote

We find singularities

(== 5 TV}, (= 5 IV}, {= = 1B}, {z= ~IV3)]

The singularity

1

is in our region and we will add the following residue

res(—é 13, f(2)) = _i I

The singularity
1
z=-13
3
is in our region and we will add the following residue

1 1
res(g IV3, f(2)) = ~1 1
The singularity

=13

will be skipped because the singularity is not in our region.
The singularity

2=—1V3

will be skipped because the singularity is not in our region.

Our sum is

217 () res(z, f(2))) =7

12



The solution is

/271' 1 d _
o sin(z)2 + 4cos(x)? T

We can try to solve it using real calculus and obtain the result

27 1
/ de=m
o sin(z)? + 4 cos(z)?
not_given

no_comment

13



1.5 Problem.

Using the Residue theorem evaluate
27
1
/ S S,
o 13+ 12sin(x)

Type_1

Solution.
We denote

We find singularities

The singularity

2
—_I7
773

is in our region and we will add the following residue

2 1
—— 1, f =—-1
res( 30 (2)) 7
The singularity

- 27
Ty

will be skipped because the singularity is not in our region.
Our sum is

217 () res(z, (2))) = gw

The solution is

/271’1d _2
o 13+ 12sin(z) 5"

We can try to solve it using real calculus and obtain the result
/271’ 1 d 2
———drx=—-7T
o 13+ 12sin(z) 5
not_given

14



Comment.

no_comment

15



1.6 Problem.

Using the Residue theorem evaluate

27 1
/0 2+ cos(x) de

Type_1
Solution.
We denote
I
fz) = - 1 11
924 = e
2+ 5 z+ 5 Z)z

We find singularities

{z=—-2+V3}, {z=-2—-V3}]

The singularity

z=-2+V3

is in our region and we will add the following residue

res(—2 4+ V3, f(2)) = —% V3

The singularity
z2=-2-3
will be skipped because the singularity is not in our region.

Our sum is
2
2T () res(z, (2))) = 57 V3
The solution is

———dr=-7
o 2+ cos(z) 3

We can try to solve it using real calculus and obtain the result
2m
1 2
——dr=-7mV3
/0 2 + cos(x) 3T V3

not_given

no_comment

16



1.7 Problem.

Using the Residue theorem evaluate

27 1
——dx
/o 2+ cos())?
Type_1
Solution.
We denote
I
f(z) = —
(2 + 1 + 1 1)2
27T 2"

We find singularities

{z=—-2+V3}, {z=-2—-V3}]

The singularity

z=-2+V3

is in our region and we will add the following residue

1 1, 2 1
res(—2 + V3, f(2)) = —gl+3(=31+ g1\/§)¢§
The singularity

z=-2-3
will be skipped because the singularity is not in our region.

Our sum is
217 () res(z, £(2)) = m(in ! (—gu 1I\/?Z) V3)
’ 3 3° 3 3
The solution is

2 1 ' : ) 1
/(; de:z]ﬂ'(—gl-‘rg(—g[_i_gl\/g)\/g)

We can try to solve it using real calculus and obtain the result
2w
1 4
— s dr = — 3
/0 (2 + cos(z))? TT9" Vs

not_given

no_comment

17



1.8 Problem.

Using the Residue theorem evaluate
27
1
—d
/0 2 + sin(x) v

Type_1

Solution.
We denote

We find singularities

{z=-2I+1V3},{z=-21-1V3}]

The singularity
z=-21+1V3

is in our region and we will add the following residue

1
res(—21 + I3, f(z)) = -3 V3
The singularity

z=-21-1V3
will be skipped because the singularity is not in our region.

Our sum is
2
2T () res(z, (2))) = 57 V3
The solution is

/27r L =2:v3
———dr=<-nm
o 2+sin(z) 3

We can try to solve it using real calculus and obtain the result
2m
1 2
| s = g
o 2+sin(z) 3

not_given

no_comment

18



1.9 Problem.

Using the Residue theorem evaluate
27
1
——d
/0 5 + 4 cos(z) “

Type_I

Solution.
We denote

We find singularities

The singularity

will be skipped because the singularity is not in our region.
The singularity

-1
z=—
2
is in our region and we will add the following residue
-1 1
—, f(z)=—=1
res( 5 (2)) 3

Our sum is
217 (3 res(z, £(2))) = gw

The solution is

/271’ 1 dx 2
- - =
o 5+4cos(x) 3

We can try to solve it using real calculus and obtain the result
27
1 2
———dr=-7
/0 5+ 4 cos(z) 3
not_given

no_comment

19



1.10 Problem.

Using the Residue theorem evaluate
27
1
—d
/0 5+ 4sin(x) *

Type_I

Solution.
We denote

We find singularities

The singularity
z=-=21

will be skipped because the singularity is not in our region.
The singularity

1
=—=1
T2
is in our region and we will add the following residue

res(—% I, {(z)) = —% I

Our sum is
217 (3 res(z, £(2))) = gw

The solution is

/271’ 1 dm 2
- - ="
o D+ 4sin(z) 3

We can try to solve it using real calculus and obtain the result
2w
1 2
————dr=—-m
/0 5+ 4sin(x) 3
not_given

no_comment

20



1.11 Problem.

Using the Residue theorem evaluate

2m
/ cos(x) d
0

i~ cos(x)
Type_I
Solution.
We denote
1 1
I(z2z45-)
f(z) = 2 2
Fo1_IL
127 22

We find singularities
1
[{z =0}, {z = 3}, {z =2}
The singularity
z=0
is in our region and we will add the following residue

res(0, f(z)) =1
The singularity

1
z==
2
is in our region and we will add the following residue
1 5
-, f =—-1
res( 5 (2)) 3
The singularity
z=2

will be skipped because the singularity is not in our region.
Our sum is

21w (Z res(z, {(2))) = %ﬂ

The solution is

2m
cos(x) do — éﬂ
o O 3

i cos(z)

21



We can try to solve it using real calculus and obtain the result

27 .
cos(z) dr — éﬂ
o O 3

7~ cos ()

not_given

no_comment

22



1.12 Problem.

Using the Residue theorem evaluate

> 241
—d
/_mx4+1 .

Type_I1
Solution.
We denote
2241
f(z) = ——
(2)= 73 1

We find singularities

(2= 5 VI3 IV}, {2 = 5 VB+5TVE}, {2 = —5 VB3 TVE}, {2 = 3 V35 1VE)]
The singularity

1 1
=——V2-21V2
2= —3 5 1V2

will be skipped because the singularity is not in our region.
The singularity

1 1
z=-V24+21V2
2 2
is in our region and we will add the following residue

141

1 1
res( V2 + 51 V2, £(2)) = Y BN

The singularity

1 1
z=—-V2+-1V2
2 2
is in our region and we will add the following residue

1-1

1 1
res(—3 V2 + 5 IV?2, f(z)) = YW

The singularity

1 1
= V2 Z-IV2
d=5V2-51V2

will be skipped because the singularity is not in our region.
Our sum is

1+1 N 1-1
212 -2v2 2Iv2+2V2

217 (> res(z, f(2))) =2I( )

23



The solution is

/°°x2—|—1 14171 1-1 )

L dx=2I7 +
x4+ 1 (zlf—2¢§ 21vV2+22

We can try to solve it using real calculus and obtain the result

0 2
/ z +1dx:\/§7r

ot +1

— 00

not_given

no_comment

24



1.13 Problem.

Using the Residue theorem evaluate

> 221
—d
[ww+n2x

Type 1T
Solution.
We denote
22 -1
f(Z) — (Z2 + 1)2

We find singularities

The singularity

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue
res(l, f(z)) =0

Our sum is
217 (> res(z, £(2))) =0

The solution is

® 221
[mwMJVMZO

We can try to solve it using real calculus and obtain the result
* 21
—oo (22 4+ 1)?
not_given

no_comment

25



1.14 Problem.

Using the Residue theorem evaluate

/°° 22—z 42
o3 o dx
ot + 10224+ 9

Type 1T
Solution.
We denote
22— 242
fz) = —---—
()= 0259

We find singularities

{z=31} {z =31}, {z = -1}, {z = I}]

The singularity
z=31

is in our region and we will add the following residue

1 7
res(31, f(z)) = 6~ 15
The singularity
z=-31

will be skipped because the singularity is not in our region.
The singularity

z=—1

will be skipped because the singularity is not in our region.
The singularity

z=1

is in our region and we will add the following residue

1 1
reS(I, f( )) = _T6 — E
Our sum is
5
217 ( g res(z, £(2))) 7"

26



The solution is

© 22—z +2 d 5
Lt 102249 T 12"

We can try to solve it using real calculus and obtain the result

© 22—z +2 d 5
102249 T 127

not_given

no_comment

27



1.15 Problem.

Using the Residue theorem evaluate

o0 1
[muwﬂxﬂ+®“”

Type 1T

Solution.
We denote

1

f(=) = (224 1) (22 + 4)2

We find singularities

{e=201}, {e= I}, {z=1}, {z= —21}]

The singularity
z=21
is in our region and we will add the following residue
11
— 1

res(21, f(z)) = 538

The singularity
z=-1I

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue

1
res(1, f(z)) = Is 1
The singularity

z=-=21
will be skipped because the singularity is not in our region.
Our sum is

2I7T(Zres(z, f(2))) = % T

28



The solution is

/OO 1 de— O
@)@ T "

We can try to solve it using real calculus and obtain the result

- R
@ D)@ T "
not_given

no_comment

29



1.16 Problem.

Using the Residue theorem evaluate

o0 1
/_oo @D 19"

Type 1T

Solution.
We denote

1

) =EZrnE e

We find singularities

(=31} {e =31}, {z= -1}, { = I}]

The singularity
z=31

is in our region and we will add the following residue

1
31,1 =—1
res(31, f(2)) 15
The singularity

z=-31

will be skipped because the singularity is not in our region.
The singularity

z=-1

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue

1
If(z)=——1
res(1, {(z)) 16
Our sum is

217 () res(z, f(2))) = 57

30



The solution is

[
@)@ T "

We can try to solve it using real calculus and obtain the result

/°° 1 d 1
T = T
oo (@2 1) (224 9) 12
not_given

no_comment

31



1.17 Problem.

Using the Residue theorem evaluate

o0 1
[ﬁxx—lﬂx—2nd$

Type_I1
Solution.
We denote
1
fz) = ——n-——
&)= Gohe=2n

We find singularities

{z=21}, {= =1}

The singularity
z=21
is in our region and we will add the following residue

res(21, f(z)) = -1
The singularity

z=1
is in our region and we will add the following residue
res(I, f(z)) =1

Our sum is
21w (Z res(z, £(2))) =0

The solution is

o0 1
/_oo<xff><x721>d“0

We can try to solve it using real calculus and obtain the result
> 1
/_m<x—f><x—21> )

not_given

no_comment

32



1.18 Problem.

Using the Residue theorem evaluate

o0 1
/_mmn @ 2n(@+3n™

Type 1T

Solution.
We denote

1

) = ohe—2neo3D

We find singularities

{z=21}, {z=-31},{z=1T}]

The singularity
z=21
is in our region and we will add the following residue

-1
res(21, {(z)) = 5
The singularity

z=-31

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue

res(, f(z)) = i

Our sum is
217 (> res(z, f(2))) = 1% Im

The solution is

> 1 1
/_Oo(m—I)(x—2I)(m+3I)dx:Elﬂ

33



We can try to solve it using real calculus and obtain the result

> 1 1
/,m(x—f)(x—zf)(ﬂgf)d‘r:E”

not_given

no_comment

34



1.19 Problem.

Using the Residue theorem evaluate

< 1
—d
/_oo1+x2 v

Type 1T
Solution.
We denote
1
f(z) =
(2) 2241

We find singularities

{z=-1}, {z=1}]

The singularity
z=-1

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue

res(1, f(z)) = —% 1

Our sum is

21w (Z res(z, £(2))) =

>~ 1
——dr=m
P

We can try to solve it using real calculus and obtain the result
o0
1
[ aees
Ceolt

not_given

The solution is

no_comment

35



1.20 Problem.

Using the Residue theorem evaluate

< 1
[
oo+ 1

Type 1T
Solution.
We denote
1
f =
(2)= 3 1

We find singularities
1 1 1 1
{z=-1}{z=5~ 5I\/ﬁ}, {z= 5+§1r\/§}]
The singularity
z=-1

is on the real line and we will add one half of the following residue

1
res(—1, f(z)) = 3
The singularity
1 1
= - -IV3
2=g g V3

will be skipped because the singularity is not in our region.
The singularity

1 1
=—-+4+-IVv3
p=g g V3
is in our region and we will add the following residue

1

1 1
L 0 T T
1res(2 5 (2)) 31753

Our sum is

1 1
21w res(z, f(2))) =217 (= +2
(D reste. £2) = 217 (5 +2 57—
The solution is
> 1 1 1
———dr=2I1(=4+2——
[wx3+1 v=21n (G237 53

36



We can try to solve it using real calculus and obtain the result
< 1 < 1
—dxr = —d
/,Oox?)—&-l v [m$3+1 .

not_given

no_comment

37



1.21 Problem.

Using the Residue theorem evaluate

< 1
—d
/_Oox6+1 .

Type 1T
Solution.
We denote
1
f =

We find singularities

1 1

[{2:71},{2:1},{2:% 2+2I\/§},{z:f§ 2+2I\/§},{z:5 2213},
{z:f% 2213}

The singularity
z=—1I

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue

res(1, f(z)) = —é 1

1
=—-1\/2+4+21
z 2\/ +2IV3

is in our region and we will add the following residue

1 16 1
res(i m, f(z)) = 3 (2+213)6/2

The singularity
1
z=-gy2+21 V3

will be skipped because the singularity is not in our region.

The singularity
1
z=5\2-21 V3

38

The singularity



will be skipped because the singularity is not in our region.

The singularity
1
e=—5\2-21V3

is in our region and we will add the following residue

1 16 1
(3 V22BN = =

Our sum is

1 16 1 16 1
217 () res(z, (2))) = 207 (—p I+ C AR 3 @2l E)ER

)

The solution is

/m#dw—Qlw(—ll—i—L6 ! 10 ! )
0 +17" 6 3 (2421V3)6/2 3 (2-21/3)6/2)

We can try to solve it using real calculus and obtain the result
< 1 2
——dr=-n7
/_oo 204+ 1 3

not_given

— 00

no_comment

39



1.22 Problem.

Using the Residue theorem evaluate
> x
Y 4
/Oo(x2+4ac+13)2 v

Type_I1

Solution.
We denote

z

f=) = (22 +42+13)?

We find singularities

{z= 2431}, {z=—-2-31}
The singularity

z=-2431

is in our region and we will add the following residue

1
res(—2+4 31, f(z)) = 1 1
The singularity

z2=-2-31
will be skipped because the singularity is not in our region.
Our sum is

1

21 f =——
7 (3 res(z £(2)) = — oo 7
The solution is
/Oo x dp = 1
@@ rdr+132 T "
We can try to solve it using real calculus and obtain the result
/°° x dr — 1
@ rdr+132 T "
not_given

no_comment

40



1.23 Problem.

Using the Residue theorem evaluate

/_w @in@r9®

Type 1T

Solution.
We denote

Z2

=) = ey

We find singularities

{z=31} {z =31}, {z =1}, {z = I}]

The singularity
z=31

is in our region and we will add the following residue

3
res(31, f(z)) = T I
The singularity

z=-31

will be skipped because the singularity is not in our region.
The singularity

z=—I

will be skipped because the singularity is not in our region.
The singularity

z=1

is in our region and we will add the following residue

res(I, £(z)) = 1—16 I

Our sum is

217 (3 res(z, £(2))) = iw

41



The solution is

@AD"

We can try to solve it using real calculus and obtain the result

/°° x? d 1
T=-T
oo (@2 +1) (22 +9) 4
not_given

no_comment

42



1.24 Problem.

Using the Residue theorem evaluate

[e'e] .’£2
—d
/,oo @+1p

Type 11
Solution.
We denote
2
z
(@) = oy

We find singularities

(=1}, {z =1}

The singularity
z=—1I

will be skipped because the singularity is not in our region.
The singularity

z=1

is in our region and we will add the following residue

res(I, f(z)) = _%6 I

Our sum is
217 () res(z, £(2))) = éﬂ

The solution is

/Ooxzd _ 1
@1 TR

We can try to solve it using real calculus and obtain the result
> x2 1
/ ——dr=-n
oo (@2 H1)° 8
not_given

no_comment

43



1.25 Problem.

Using the Residue theorem evaluate

[e'e] .’£2
—d
/,oo @ +a2 "

Type_11
Solution.
We denote
2
z
=y

We find singularities

{z=2I}, {z=-2TI}]
The singularity

z=21

is in our region and we will add the following residue

1
res(21, f(z)) = ~3 1
The singularity
z=-21
will be skipped because the singularity is not in our region.

Our sum is

217 () res(z, £(2))) = iw

The solution is

/“wzd _ 1
@A

We can try to solve it using real calculus and obtain the result
/ i x2 dr — 1
@A AT
not_given

no_comment

44



1.26 Problem.

Using the Residue theorem evaluate

/°° (23 +5x) el ™) i

oo T+ 1022 +9

Type _IIT

Solution.
We denote

(2% +52)eld?)

f(z) = Z T2
()= 10210

We find singularities

[{Z:?’I}v {Z: _3-[}7 {Z:_I}v {Z:I}]

The singularity
z=31

is in our region and we will add the following residue

1
res(31, f(z)) = 1 e
The singularity

z=-31

will be skipped because the singularity is not in our region.
The singularity

z=—1

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue
Lo
res(I, f(z)) = 1€

Our sum is

217 () res(z, (2))) =2Ix (i e 4 ie(_l))
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The solution is

> (2% +5x) el ®) 1 1
@ +bx)e™ , or Lo 1 -
/_mx4+10x2+9dx Tz e

We can try to solve it using real calculus and obtain the result

o (x3+5x)e(”) 1 1 1 ) 1 .
———dr=-1 h(1)+=1 h(3)—=1 h(3)—=1 h(1
/_DO 11022 19 dx 5 1 mcos ( )+2 7 cosh(3) 5 [ msin (3) 5 L msin (1)

not_given

no_comment
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1.27 Problem.
Using the Residue theorem evaluate

0o (12) (2
/ e ®) (% —1) i
oo X (22+1)

Type_I11

Solution.
We denote

ell2) (22 - 1)

f(=) = z(22+1)

We find singularities

{z =0} {z=—1}, {z=1}]

The singularity
z=0
is on the real line and we will add one half of the following residue

res(0, f(z)) = —1
The singularity

z=—1I

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue
res(I, f(z)) = e(=

Our sum is
217 () res(z, (2))) =2In (f% + (1)

The solution is
oo (Ix) ( 2 _ 1) 1
e x
———Fdr =217 (—= =1
/_Oc @ D) x m( 5 e )
We can try to solve it using real calculus and obtain the result

/°° e ™) (22 — 1) /°° (cos(z) + I'sin(x)) (2 — 1)

oo x(224+1) ) x (224 1)

47
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Info.

not_given

Comment.

no_comment

48



1.28 Problem.

Using the Residue theorem evaluate
00 (Ix)
/ e
oo @2+ 4 (x—1)

Type _IIT

Solution.
We denote
(Iz)
e
)= ——"-——
(2) (22+4)(z—1)

We find singularities

{z=21I}, {z=-21I}, {z=1}]

The singularity
z=21

is in our region and we will add the following residue

1 1
res(21, f(2)) = (15 + 55 1) e(=2)
The singularity
z=-21

will be skipped because the singularity is not in our region.
The singularity

z=1

is on the real line and we will add one half of the following residue

res(1, f(z)) = éel

Our sum is
217 (3 res(z, £(2))) = 217 (— = + o= 1) =2 4 —ef)
’ N 10 ' 20 10
The solution is
e
—  dr=2In((——+ —1)e"P + ¢!
/_Oo(x2+4)(x—1) r=2r((-p e i)
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We can try to solve it using real calculus and obtain the result

*° el [ cos(x) + I'sin(x)
/_oo<x2+4><x— s I a1 "

not_given

no_comment
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1.29 Problem.

Using the Residue theorem evaluate

o0 el z) J
/_Oox (22 +1) *

Type _IIT
Solution.
We denote
(I=)
e
f(z) = ————
(2) z(22+41)

We find singularities

{z=0} {z=—1}, {==1}]

The singularity
z=0
is on the real line and we will add one half of the following residue

res(0, f(z)) =1
The singularity

z=—1

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue
Lo
res(I, f(z)) = —3e

Our sum is
217 (3 res(z, £(2)) = 217 (5 — 2 (=)
’ 2 2

The solution is

< ) 1 1
/ eido::2f7r(fffe(71))
oo (224 1) 2 2

o1



We can try to solve it using real calculus and obtain the result

oo (Iz) X og Isi
/ e )dm:/ cos(z) + I sin(x) i

oo (2241 oo x(224+1)
not_given

no_comment

92



1.30 Problem.

Using the Residue theorem evaluate

0 el z) J
/_Oo x (22 +9)2 *

Type _IIT
Solution.
We denote
(I=)
e
f(z) = ———
(2) z (22 +9)?

We find singularities

[{z =0}, {z =31}, {z = =31}]
The singularity

z=0
is on the real line and we will add one half of the following residue

1

res(0, f(z)) = 3L

The singularity
z=31

is in our region and we will add the following residue

5
J(37. f —_ 2 (=3
res(31, f(2)) 394 ¢
The singularity
z=-31
will be skipped because the singularity is not in our region.
Our sum is
21w (Z res(z, f(2))) =217 (L 5 e=3)
’ 162 324

The solution is

&
— dr=2IT(— — — (=
/,mm(x2+9)2 v=2Im (g — g )

93



We can try to solve it using real calculus and obtain the result

00 (Iz) 00 . o
/ e dr — / cos(z) + I'sin(x) da

oo (22 49)2 oo T (2249)2
not_given

no_comment

o4



1.31 Problem.

Using the Residue theorem evaluate

o) el z)
/ L —
oo (2?2 =212+ 2)

Type _IIT
Solution.
We denote
(I2)
e
fz) = —————
(2) 2(22—-22+42)

We find singularities

{z=0}{z=1+1}, {z=1-1}]
The singularity

z=0
is on the real line and we will add one half of the following residue

1
res(0, f(z)) = 3
The singularity

z=14+1
is in our region and we will add the following residue

1 1
res(1+ 1, f(2)) = (_Z - ZI) el e(=1)
The singularity
z=1-1
will be skipped because the singularity is not in our region.

Our sum is
21 ( E res(z, {(2))) = 2[77(1 + (—1 - 1I) el e=1)
’ 4 4 4

The solution is

> () 1 11
(&
T dr=2Tn(=4 (== —ZDeleD
/Oox(x2—2x+2) r=2r(Grg-ghee )
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We can try to solve it using real calculus and obtain the result

oo (Ix) 00 . 3
/ e )dac :/ cos(z) + I sin(x) da

ol (22 =22 +2 o T(x2—22+2)

not_given

no_comment

96



1.32 Problem.

Using the Residue theorem evaluate
oo (Ix)
e
—d
/_Oo 21"

Type _IIT

Solution.
We denote

oI2)

=) =27

We find singularities

(2= -1}, {z =1}

The singularity
z=-1I

will be skipped because the singularity is not in our region.
The singularity

z=1

is in our region and we will add the following residue
res(l, f(z)) = f% Tet=Y)
Our sum is
21w (Z res(z, f(2))) = we(~V

The solution is

oo (Iz)
/ 762 dr = e~V
Ceo X+ 1

We can try to solve it using real calculus and obtain the result

oo () .
/,009627-*-1 dx = —msinh(1) + 7 cosh(1)

not_given

no_comment

o7



1.33 Problem.

Using the Residue theorem evaluate

<
/_Oox2+4x+20x

Type_I11
Solution.
We denote
(I2)
e
f(z) = ————
(2) 22442420

We find singularities

{z=-2—-41}, {z=-2+41}]
The singularity

z=-2—-41

will be skipped because the singularity is not in our region.
The singularity

z=—-24+41

is in our region and we will add the following residue

1 Tet=%
res(—2+41, f(z)) = e
Our sum is
1 mel=4
217 (> res(z, f(2))) = 17
The solution is
e ell) 1 mel=9
/ " g ime
T2+ 4T 420 4 (el)?

We can try to solve it using real calculus and obtain the result

*  eln IR 1
/_Oomdx: _ZI'R—SIH(2_4I)+ EWCOS(2_4I)

not_given

no_comment

98



1.34 Problem.

Using the Residue theorem evaluate

e
/_oox2—5x+6 .

Type_I11
Solution.
We denote
(I2)
e
f(z) = ————
(2) 22—-52+6

We find singularities

[{z =2}, {==3)]

The singularity
z=2
is on the real line and we will add one half of the following residue

res(2, f(2)) = —(e!)?
The singularity

z=3
is on the real line and we will add one half of the following residue
res(3, f(z)) = (e)?

Our sum is
_ 1 o2, 1, 13
217 (> res(z, £(2))) =217 (=5 (")’ + 5 ("))
The solution is

/Ooeuw)d:c—QI (—1 (e + = (eh)?)
T2 =51 +6 T 2

We can try to solve it using real calculus and obtain the result

o0 (I 3:) [e'e) .
/ e dr — / cos(x) + I'sin(z) du

w22 =5 +6 o 22-5x+6

not_given

no_comment

99



1.35 Problem.

Using the Residue theorem evaluate

o (Ix)
[
oo+ 1

Type 11T
Solution.
We denote
(Iz)
e
f(z) = ——
(2) 23 +1

We find singularities
1 1 1 1
{z=-1}{z=5- 5I\/ﬁ}, {z= 5+§1r\/§}]
The singularity
z=-1

is on the real line and we will add one half of the following residue

11
reS(—l, f(Z)) = § 67
The singularity
1 1
==-—=1
i=5-5 V3

will be skipped because the singularity is not in our region.
The singularity

1 1
=—-+-=-1v3
z 2+2 \f

is in our region and we will add the following residue
(—1)(1/23)

31V eV3) /3 —3elV3)

res(% + %I\/g, f(z)) =2

Our sum is

27 (g (z, f(2) =217 L1 +2 ( 1)(1/2%)
i res(z, f(2))) = -
6 el 3I1VelV3 /3 —3velV3)

The solution is

o () 11 (=1)@/23)
7 +1 6e 371VeW3 /3 -3V e(V3)

—0o0
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We can try to solve it using real calculus and obtain the result

= ot * cos(z) + Isin(z)
e cos(x sin(x
/_mw3+1dx—/_oo o dx

not_given

no_comment

61



1.36 Problem.

Using the Residue theorem evaluate

Type 111
Solution.
We denote
(Iz)
e
f| =
(=)= 73—

We find singularities

[{Z:_l}a {Z:_I}v {Z:I}’ {221}]

The singularity
z=-1
is on the real line and we will add one half of the following residue

11
—1, fi =—- =
res(—1, (2)) = = -
The singularity
z=-1I

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue
1
res(l, f(2) = ; IV
The singularity
z=1

is on the real line and we will add one half of the following residue
L g
res(1, f(z)) = 1€

Our sum is
11 1

1
217 (> res(z, f(2))) =21 (517 Te-D 4 e
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The solution is

o Ia)
/e do =217 (-~

1
24— 1 1

1 1 1
- ZTe(C 4 2l
s T1l¢ ' Tge)

— 0o

We can try to solve it using real calculus and obtain the result

oo (Ix) S .
/ e d _/ cos(z) + I'sin(x) d

4 —1 v 4 —1

— 0o — 00

not_given

no_comment

63



1.37 Problem.

Using the Residue theorem evaluate
oo (Iz)
/ ¢ dx
oo T

Type _IIT

Solution.
We denote

We find singularities

The singularity
z=0
is on the real line and we will add one half of the following residue
res(0, f(z)) =1

Our sum is
21w (Z res(z, {(2))) =1In

The solution is

0 ,(Iz)
/ ¢ de=1I1mw

T

— 00
We can try to solve it using real calculus and obtain the result

[ee] (Ix) o) .
/ e dxz/ cos(z) + Isin(x) i

xT €T

— 00 — 00

not_given

no_comment
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1.38 Problem.

Using the Residue theorem evaluate
00 4ol x)
xre
/—oo 1—at e

Type 111

Solution.
We denote

P e([ z)

o) =1

We find singularities

[{Z:_l}a {Z:_I}v {Z:I}’ {221}]

The singularity
z=-1
is on the real line and we will add one half of the following residue

11

res(—1, f(2)) = 1

The singularity
z=-1

will be skipped because the singularity is not in our region.
The singularity

z=1

is in our region and we will add the following residue

1
res(l, £(2)) = ; e=1
The singularity

z=1
is on the real line and we will add one half of the following residue

res(1, f(z)) = —% e!

Our sum is

2 (3 wes(z, £(2))) = 21w (—5 o + 1) — <
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The solution is

< g el ) 11 1 1
xe . -1 I
/ 1_x4d.13—2177(—§67+16( )—ge)

— 00
We can try to solve it using real calculus and obtain the result

/oo zello) i /00 x (cos(z) + I'sin(x)) da

o l—at a —1+z*

— 00

not_given

no_comment
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1.39 Problem.

Using the Residue theorem evaluate

o0 rel®)
/ L LA—
oo X?+ 42420

Type _IIT
Solution.
We denote
(Iz)
ze
22 +4z+4 20

We find singularities

{z=-2—-41}, {z=-2+41}]
The singularity

z=-2—-41

will be skipped because the singularity is not in our region.
The singularity

z=-2441
is in our region and we will add the following residue

1I(ATe —2¢09)
8 (61)2

res(—2+41, {(z)) = —

Our sum is

- e(=4) _9(-4)
2[7‘(‘(2 res(z, f(2))) = i 4z ()2 2 )

The solution is

/°° zel®) . 1 m(4Te=H —2¢e(-9)
w2 H+4x+20 7 4 (el)?

We can try to solve it using real calculus and obtain the result

©  gpel)
/ LA W
o2+ 4+ 20

1 1
wsin(2—4I)+TIncos(2—41)+ §I7rsin(2—4l) - 57rcos(2—4[)

67



Info.

not_given

Comment.

no_comment
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1.40 Problem.

Using the Residue theorem evaluate

o'} (Iz)
xre
———d

/_Oox2+9 .

Type _IIT
Solution.
We denote
N Z€(I z)
2249

We find singularities

{z=31I}, {z=-3TI}]
The singularity

z=31

is in our region and we will add the following residue

1
res(31, f(z2)) = 3 e(=3)
The singularity
z=-31
will be skipped because the singularity is not in our region.

Our sum is
217 (Z res(z, £(2))) = ITwel™

The solution is

© 4 o(I)
xTre _3

We can try to solve it using real calculus and obtain the result

< gellz)
/oom dr = IT('COSh(-?)) — IT(Slnh(g)

not_given

no_comment
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1.41 Problem.

Using the Residue theorem evaluate

e zell®)
- dx
/,Ooxz —2z+10

Type 111
Solution.
We denote
(I2)
ze
f(z) = S BT ST
22 —22z410

We find singularities

{z=1-31},{2=1+31I}]
The singularity

z=1-31

will be skipped because the singularity is not in our region.
The singularity

z=1+4+31

is in our region and we will add the following residue
1
res(1+31, f(z)) = —61(3161 e el e=9))

Our sum is
1 )
217 () res(z, f(2))) = 57 (3Iele(=3) 4 el e(=%)
The solution is

oo (Ix) 1
zTe _ I (-3 I (-3
B e ST

We can try to solve it using real calculus and obtain the result

e zel®)
7(1‘%:
/,OomQ -2z +10

1 1
—mwsin(l14+3I)+Tncos(1+31)+ §I7rsin(1+31) + gTFCOS(l-‘r?)I)

not_given
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Comment.

no_comment
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1.42 Problem.

Using the Residue theorem evaluate

< gel=)
——dx
/_oox2—5x+6

Type_I11
Solution.
We denote
(I2)
ze
() =
2z —5z+6

We find singularities

[{z =2}, {==3)]

The singularity
z=2
is on the real line and we will add one half of the following residue

res(2, f(2)) = =2 (e!)?
The singularity

z=3
is on the real line and we will add one half of the following residue
res(3, f(z)) = 3 (e)?

Our sum is
217 (> res(z, f(2))) = 2T 7 (—(e")* +
The solution is

o (Iz) 3

re _ 1\2 13
/,wmd”*““‘@ FH5E))
We can try to solve it using real calculus and obtain the result

/oo zell2) e /°° z (cos(z) + I'sin(z))

w2 =5r+6 ~  J_ o  a22-5x+6

not_given

no_comment
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1.43 Problem.

Using the Residue theorem evaluate

o0 (I )
/_OO = dx

Hint.
Type _IIT
Solution.
We denote
eI 2)

We find singularities

The singularity
z=0

is on the real line and is not a simple pole, we cannot count the integral with
the residue theorem ...

Our sum is
2[77(2 res(z, {(z))) =217

The solution is

oo (Iz)
/ 5 dr =2IToo
x

— 00

We can try to solve it using real calculus and obtain the result

0 ,(Iz)
/ 62 dxr = 00
T

— 00

Info.

not_given

Comment.

no_comment
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1.44 Problem.

Using the Residue theorem evaluate

00 m3€(1w)
/ LA
oot + 5224+ 4

Type _IIT
Solution.
We denote
23 e(I z)
&)= a3
24 +5z24+4

We find singularities

[{ZZQI}v {Z: _I}a {Z:I}v {Z: _2‘[}]

The singularity
z=21
is in our region and we will add the following residue
2 -2
res(21, f(2)) = 3¢
The singularity
z=—I

will be skipped because the singularity is not in our region.
The singularity

z=1
is in our region and we will add the following residue

1
res(1, f(z)) = ~5 el=b

The singularity
z=-21
will be skipped because the singularity is not in our region.

Our sum is

217 () res(z, f(2))) =21 <§ (=2 — éeH))
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The solution is

© glelln) 2 1
T dr=92Tm (el _ 2 (=1

/_oox4+5x2+4 “ m(3e g¢ )
We can try to solve it using real calculus and obtain the result

0o 3 e(Ir) 1 4 4 1
/mm dr = -3 I7rcosh(1)—|—§ I7rcosh(2)—§ I7rsinh(2)+§ I'7sinh(1)

not_given

no_comment

()



2 Zero Sum theorem for residues problems
We recall the definition:

Notation. For a function f holomorphic on some neighbourhood of infinity we
define
es (f,00) =re ! f ! 0
res =res | —-f |- .
) 22 2 K

We will solve several problems using the following theorem:

Theorem. (Zero Sum theorem for residues) For a function f holomorphic in
the extended complex plane CU {oo} with at most finitely many exceptions the

sum of residues is zero, i.e.
g res (f,w) =0.

weCU{oo}

Notation.(Example f(z) = 1/z) Projecting on the Riemann sphere we observe
the north pole on globe (i.e. co) with the residue -1 and at the south pole (the
origin) with residue 1. Green is the zero level on the Riemann sphere while the
blue gradually turning red is the imaginary part of logz demonstrating that
Zero Sum theorem holds for 1/z.
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2.1 Problem.

Check the Zero Sum theorem for the following function

22 4+1
A +1
no_hint
Solution.
We denote
2241
f| =
(2) zA4+1

We find singularities

(2= 5 Va5 TVE}, {2 = 5 VB3 TVA}, {z = 5 VB3 IVE), {z = —5 V3t 5 1VE)]

The singularity

1 1
z2=-V24+ =112
2 2
adds the following residue

1 1 141
res(f(z), =V2+ = IV2) = ——————
1), 5 2 ) 21V2-2v2
The singularity
1 1
=——V2—--1V2
T2 p V2

adds the following residue

res(f(z), —% V2 - %

-1-1

I¢®:21¢§—2¢§

The singularity

1 1
—V2-2TIV2
z2f2f

adds the following residue

1 1 —14+1
res(f(z), § \/5— 51\/5) - m

The singularity

1 1

(s



adds the following residue
1 1 1-1
res(f(z), —= V2 +=-IV2) = ——
(f(=), =5 51 V2) YN AW
At infinity we get the residue
B 1+17 n -1-1 . -1417 n 1-1
21V2-2V2 21V2-2V2 21V2+2V2 21V2+2V2

and finally we obtain the sum

Zres(f(z), z)=0

res(f(2), oo0)

not_given

no_comment

8



2.2 Problem.

Check the Zero Sum theorem for the following function

221
EEE
no_hint
Solution.
We denote
22 -1

)= rvipe

We find singularities

{z=—1}, {z =1}]
The singularity
adds the following residue
The singularity
adds the following residue
res(f(z), I) =0
At infinity we get the residue

res(f(z), 00) =0

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.3 Problem.

Check the Zero Sum theorem for the following function

22— 242
24 4+10224+9
no_hint
Solution.
We denote
22— 242
f(z) = —---—
)= T 0210

We find singularities

(=31}, {z= -1}, (- =1}, { =31}]

The singularity

z=-31
adds the following residue
1 7
3(f 3 =—+ -1
res(f(z), —31) 16 + 13
The singularity
z=—1
adds the following residue
1 1
res(f(z), —1I) = T + 6 I
The singularity
z=1
adds the following residue
1 1
f(z), ) =—— — —
res(f(2), 1) = 15 — 1o
The singularity
z=31
adds the following residue
1 7
res(f(z), 31) = 6 @I
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At infinity we get the residue
res(f(z), 00) =0

and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.4 Problem.
Check the Zero Sum theorem for the following function

1
(2 +1) (22 + 42

no_hint

Solution.
We denote

1

= ey

We find singularities

{z=-I},{z=21},{z=-21I},{z=1}]

The singularity

z=—1
adds the following residue
es(f(z), —=1I) = iI
r z), =13
The singularity
z=21
adds the following residue
11
f 20 =—1
res(f(z), 21) 538
The singularity
z=-=21
adds the following residue
11
f 20 =—-——
res(i(2), ~21) = — o
The singularity
z=1
adds the following residue
(fz), 1) =~ 1
r -
es(f(z), 13
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At infinity we get the residue
res(f(z), 00) =0

and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.5 Problem.
Check the Zero Sum theorem for the following function

1
(224 1)(2249)

no_hint

Solution.
We denote

1

A ERS e

We find singularities

{2 =31}, {z = —I}, {z= I}, {z =31}
The singularity

adds the following residue

The singularity

z=-I
adds the following residue
(fz), ~1) = 11
r -I)=—
es(f(z), 16
The singularity
z=1
adds the following residue
res(f(z), I) = _L 1
16

The singularity

adds the following residue
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At infinity we get the residue
res(f(z), 00) =0

and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.6 Problem.

Check the Zero Sum theorem for the following function

1
(z—1)(z—21)
no_hint
Solution.
We denote
1
f —
) =Cohe=2n

We find singularities
The singularity
adds the following residue
The singularity
adds the following residue
res(f(z), I) =1
At infinity we get the residue

res(f(z), 00) =0

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.7 Problem.
Check the Zero Sum theorem for the following function

1
(z=D(z=21)(2+31I)

no_hint

Solution.
We denote

1

= Cohe2ne3D

We find singularities
{z=-31}, {z=21}, {2 =T}]

The singularity

adds the following residue

The singularity

adds the following residue

res(f(z), 21) = %1
The singularity
z=1
adds the following residue
res(f(z), I) = i

At infinity we get the residue
res(f(z), o0) =

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.8 Problem.

Check the Zero Sum theorem for the following function

1
2241
no_hint
Solution.
We denote
1
f =
(2) 22 +1

We find singularities
The singularity

adds the following residue

The singularity

adds the following residue
1
res(f(z), I) = —3 1
At infinity we get the residue
res(f(z), c0) =0

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.9 Problem.

Check the Zero Sum theorem for the following function

1

23 4+1

no_hint
Solution.
We denote

1
f =
(2) 23 +1

We find singularities

{z=—1) e =5 — 5 IV3) (== 5 + 5 1V3)]

The singularity

adds the following residue

1
f -1) ==
res(i(z), 1) = 3
The singularity
1 1
==-—=1
2=y 5 lV8
adds the following residue
1 1 1
res(f(z), = — = IV3) = -2 ———
(1) 5~ 51V = 2 e
The singularity
1 1
=-—+4+=-1IV3
z 5 + 5 V3
adds the following residue
1 1 1
res(f(z), =+ -IV3) =2 ——
At infinity we get the residue
1 1

res(f(z), o0) = —= + 2 -2
(i(z), 00) = 3 3IV3+3 3IV3-3

90



and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.10 Problem.

Check the Zero Sum theorem for the following function

1

1
28 +1
no_hint
Solution.
We denote
1
f =
()= %3
We find singularities
1 1
[{e=-1} {e=—5 V2-21V3} {e =5 V2~ 21V3}, {z =
1
{e=75 24+ 21V3}, {2 =1}
The singularity
z=-1

adds the following residue
1
res(f(z), —I) = 5 I

The singularity

1
=—=12-21V3
z 5 V3
adds the following residue
1/ 16 1
f —=\/2-21T =
I'ES( (Z)v 2 \/g) 3 (2 - 2]\/5)(5/2)
The singularity

1
=-4/2-21
Z=3 V3
16 1
V2-2IV3)=— ———
v3) 3 (2-21V3)6/2)

adds the following residue

res(f(z),

N | =

92

24213},



The singularity

1
i=—3 V2+21V3
adds the following residue

1/ 16 1
res(f(z), —5 2+2I\/§):—§m

The singularity

1
=—-1\/24+21
z 2\/ + V3
16 1
2+2171 = —
V2t2IV3) =5 o e

adds the following residue

res(f(z),

N | =

The singularity

adds the following residue
res(f(2), I) = —% I
At infinity we get the residue
res(f(z), 00) =0

and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.11 Problem.

Check the Zero Sum theorem for the following function

z
(22+42+13)

no_hint

Solution.
We denote

z
V=i oy
We find singularities
{z=-2-3I}, {z=-2+31}]
The singularity
z=-2-31

adds the following residue

1
5(f —2-30))=——1
res(i(2), )=-=
The singularity
z=—-24+31

adds the following residue

res(f(z), —2431) = 5i4]

At infinity we get the residue
res(f(z), 00) =

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.12 Problem.

Check the Zero Sum theorem for the following function

22

(2241)(2249)

no_hint

Solution.

We denote
52

&)=y

We find singularities

(=31}, {z= 1}, (- =}, { = 31}]

The singularity

z=-31
adds the following residue
res(f(z), —31) = 3 1
’ 16
The singularity
z=-1I
adds the following residue
(H(z), ~1) =~ 1
T —I)=——
es(f(z), 16
The singularity
z=1
adds the following residue
res(f(z), I) = 1 1
16
The singularity
z=31
adds the following residue
res(f(z), 31) = _3 I
16
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At infinity we get the residue
res(f(z), 00) =0

and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.13 Problem.

Check the Zero Sum theorem for the following function

2

_c
RSN
no_hint
Solution.
We denote
2
z
{(z) = ———

We find singularities

{z=—-1}, {z=1}]

The singularity

z=-1
adds the following residue
es(f(z), —1I) = iI
FesiE), == 96
The singularity
z=1
adds the following residue
(fz), 1) =~ 1
r -
es(f(z), 16

At infinity we get the residue
res(f(z), c0) =0

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.14 Problem.

Check the Zero Sum theorem for the following function

2

_c
2T ap
no_hint
Solution.
We denote
2
z
{(z) = ———
(2) (22 + 4)?

We find singularities

{z=21I}, {z=-2T}]

The singularity

z=21
adds the following residue
res(f(2), 21)=—=1
The singularity
z=-=21

adds the following residue
1
res(f(z), —21) = 3 I
At infinity we get the residue
res(f(z), c0) =0

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.15 Problem.

Check the Zero Sum theorem for the following function

(23 4+5z2)el?)
244102249

no_hint

Solution.
We denote

(23 +52)el?)

flp) = * T2
()= 10270

We find singularities
{z=-31} {z= -1}, {z =1}, {z =31}]

The singularity

adds the following residue

The singularity

adds the following residue

The singularity

adds the following residue

The singularity

adds the following residue
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At infinity we get the residue

1 1 1 1
res(f(z), o0) = 1 ed — ¢ -1 1 o(—3)

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.16 Problem.

Check the Zero Sum theorem for the following function

e?) (22 - 1)
z (22 +1)

no_hint

Solution.
We denote

ell2) (22 1)

f(=) = z(2241)

We find singularities

{z=0} {z= -1}, {z=T1}]

The singularity

adds the following residue

The singularity

adds the following residue

The singularity

adds the following residue

res(f(z), 1) = e(=
At infinity we get the residue

res(f(z), oc0) =1 —e —e(7V

and finally we obtain the sum

> res(f(z), 2) =0
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Info.

not_given

Comment.

no_comment
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2.17 Problem.

Check the Zero Sum theorem for the following function

oI2)

(224+4) (2 —1)

no_hint

Solution.
We denote

o(2)

RO EE e

We find singularities

{z=1}, {z =21}, {z=—-2T}]

The singularity

adds the following residue

The singularity

z=21
adds the following residue
1 1
T APA G
res(f(z), 21) = ( 0 + 50 Ie
The singularity
z=-=21
adds the following residue
1 1
res(f(z), —21) = (—1—0 - %I) e?
At infinity we get the residue
1 1 1 1 1
f = —= I - I (_2) . 7 I 2
res(f(2), 00) = =g e+ ({5 —gg e T F (g T De

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.18 Problem.

Check the Zero Sum theorem for the following function

eI2)
z(22+1)
no_hint
Solution.
We denote
(I2)
e
f(z) = ————
(2) z(22+1)

We find singularities

{z =0} {z=—1}, {z=1}]

The singularity
adds the following residue
The singularity

adds the following residue

The singularity

adds the following residue
LG
res(f(z), I) = -3¢
At infinity we get the residue
1 1
res(f(z), o) = =14 € + 3 e=b)

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.19 Problem.

Check the Zero Sum theorem for the following function

e 2)
z(2249)2
no_hint
Solution.
We denote
(I2)
e
f(z) = ——
(2) z(2249)?

We find singularities

[{z=-3I}, {z=0}, { =31}

The singularity

z=-31
adds the following residue
res(f(z), —31) = L e
’ 324
The singularity
z=0
adds the following residue
(i(2), 0) = ¢
res(f(2), 0) = &
The singularity
z=31
adds the following residue
res(f(z), 31) = _ e=3)
’ 324
At infinity we get the residue
15 15y
ves(f(), 00) = =g ¢ — g g

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.20 Problem.

Check the Zero Sum theorem for the following function

e 2)
z2(22—-22+42)
no_hint
Solution.
We denote
(I2)
e
()= — —
(=) z2(22—22+2)

We find singularities
{z=0}{z=1-1},{z=1+1T}]

The singularity

adds the following residue

The singularity

adds the following residue
(=), 1- D)=~ + D’
res(f(z), =(=gt+zDee
The singularity
z=1+1
adds the following residue
LR A )
res(f(z), 1+ 1) = (—1 — ZI)@ e

At infinity we get the residue
1 1 1

1
res(f(z), oo) = —3 +(=—=-Dele+(=+ ZI) el eV

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.21 Problem.

Check the Zero Sum theorem for the following function

e 2)
2241
no_hint
Solution.
We denote
(I2)
e
f(z) = —
(2) =5 1

We find singularities

(2= -1}, {z =1}

The singularity

adds the following residue

The singularity

adds the following residue
1
res(f(z), I) = ) Tet=Y)

At infinity we get the residue

1 1

res(f(z), oo) = —=Te+ = T e™Y

2 2

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.22 Problem.

Check the Zero Sum theorem for the following function

el 2)
22 4+42+20
no_hint
Solution.
We denote
(Iz)
e
f(z) = ————
(2) 22442420

We find singularities
{z=-2-41},{z=-2+41T}]
The singularity

z=-2—-41
adds the following residue
1 Ie?
res(f(z), =2 —41) = 8 @)
The singularity
z=—-2+41
adds the following residue
1 ITe=®
res(f(z), —24+41) = e

At infinity we get the residue
1 Iet 1 Tet%

res(f(z), o0) = ~3 D)2 + 8 (I

and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.23 Problem.

Check the Zero Sum theorem for the following function

e 2)
22 -52+6
no_hint
Solution.
We denote
(I2)
e
flz) = ——
(2) 22 -52+6

We find singularities
[{z =2} {z=3}]
The singularity
adds the following residue
The singularity
adds the following residue
At infinity we get the residue

res(f(z), 00) = (ef)? — (ef)?

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.24 Problem.

Check the Zero Sum theorem for the following function

e 2)
22 +1
no_hint
Solution.
We denote
(I2)
e
f(z) = ——
(2)= 3 1

We find singularities

{z= -1}, {z= 5 - 51V} {z= 3 + 2 IVA)]

The singularity

adds the following residue
The singularity

adds the following residue

(—1)1/2 %) \/e(V3)

3IvV3+3

1 1
res(f(z), = — = IV3) = -2
2 2
The singularity
1 1
==-+4+=1
2= + 5 V3
adds the following residue

(-1)1/2%)

31V eV3) /3 —3VelV3)

res(f(z), % + %I\/g) =2

At infinity we get the residue

11 2(—1)(1/2%%/@(\/5) ) (=1)1/2 %)
3e 31V3+3 31V e(V3) /3 -3V eV3)
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and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.25 Problem.

Check the Zero Sum theorem for the following function

e 2)
24 —1
no_hint
Solution.
We denote
(I2)
e
f(z) = —
(2) 24 —1

We find singularities

{e=1} e =1} {e= -1} {=1}]

The singularity

adds the following residue

1
res(f(z), 1) = 1 el
The singularity
z=-1
adds the following residue
11
f -1)=—-—-=
res(i(z), ~1) = —
The singularity
z=—I
adds the following residue
res(f(z), =I) = —-1Ie
The singularity
z=1
adds the following residue
1
res(f(z), I) = 1 ITe=Y)
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At infinity we get the residue
1 11 1

res(f(2), 00) =~ el 4+ L L 4 Lo

4 4e 4

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.26 Problem.

Check the Zero Sum theorem for the following function

eI2)
z
Hint.
no_hint
Solution.
We denote
(Iz)
e
()=
We find singularities
[{z =0}]
The singularity
z=0

adds the following residue
res(f(z), 0) =1
At infinity we get the residue
res(f(z), c0) = —1

and finally we obtain the sum
Zres(f(z), z)=0

Info.

not_given

no_comment
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2.27 Problem.

Check the Zero Sum theorem for the following function

P e(I z)
1— 24
no_hint
Solution.
We denote
Py e([ z)
Tz z4

We find singularities

{e=1} e =1} {e= -1} {=1}]

The singularity

z=1
adds the following residue
L
res(f(z), 1) = —-e¢
4
The singularity
z=-1
adds the following residue
11
f -1)=—-—-—=
res(i(z), —1) = — -

The singularity

adds the following residue

The singularity

adds the following residue
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At infinity we get the residue
res(f(z), oo) = — el +
and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.28 Problem.

Check the Zero Sum theorem for the following function

P 6(I z)
22 4+42+20
no_hint
Solution.
We denote
(Iz)
ze
f(z) = R T
224+42420

We find singularities
{z=-2-41},{z=-2+41T}]
The singularity
z=—-2-41
adds the following residue

4 4
res(f(z), =2 —41) = —% 1(4[(661)—226)
The singularity

z=-2+4+41
adds the following residue

11(4Ie —2¢07)
8 (61)2

res(f(z), =2 +41) = —

At infinity we get the residue
1 T(dlet+2e) 1 T(4TeH —2¢09)

res(f(z), 0o) g )2 + 3 )2

and finally we obtain the sum

> res(f(z), 2) =0

not_given

no_comment
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2.29 Problem.

Check the Zero Sum theorem for the following function

P e(I z)
2249
no_hint
Solution.
We denote
(I2)
ze
flz) = 2
(2) = 9

We find singularities
[{z=-3I}, {z=31T1}]

The singularity

adds the following residue

The singularity

adds the following residue
res(f(z), 31) = %e(*?’)
At infinity we get the residue
res(f(z), oo) = . el —
and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.30 Problem.

Check the Zero Sum theorem for the following function

Py e(I z)
2222410
no_hint
Solution.
We denote
(I2)
ze
)= 7 o
24 —22z+10

We find singularities
{z=1-31},{2=1+31I}]

The singularity

z=1-31
adds the following residue

1
res(f(z), 1 —=31) = ~8 I(3Ie'e® —eled)

The singularity

z=1+31
adds the following residue

1
res(f(z), 1+31) = 6 T(3Iel el 4 el =)
At infinity we get the residue
1 1 .
res(f(z), c0) = 6 I(3Ie"e® —ele?)+ G IT(3Iele(=3) el (=3

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.31 Problem.

Check the Zero Sum theorem for the following function

zell?)
22 -52+6
no_hint
Solution.
We denote
(I2)
ze
R
22—5z+6

We find singularities

[{z =2} {z=3}]
The singularity
adds the following residue
The singularity
adds the following residue
res(f(z), 3) = 3 (e!)?
At infinity we get the residue

res(f(z), 00) = 2 (e!)? — 3 (e!)?

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.32 Problem.

Check the Zero Sum theorem for the following function

eI2)
22
Hint.
no_hint
Solution.
We denote
(Iz)
e
i) =
We find singularities
[{z =0}]
The singularity
z=0

adds the following residue
res(f(z), 0) =1
At infinity we get the residue
res(f(z), oo) = =1

and finally we obtain the sum
Zres(f(z), z)=0

Info.

not_given

no_comment
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2.33 Problem.

Check the Zero Sum theorem for the following function

23 e(I z)
24452244
no_hint
Solution.
We denote
23 e(I z)
&)= g +32
24 +522+4

We find singularities

(=1} {z=21}, {z= 20}, { = I}]

The singularity

z=—I
adds the following residue
res(f(z), =) =—-e
The singularity
z=21

adds the following residue

The singularity

adds the following residue

The singularity

adds the following residue
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At infinity we get the residue

1 2 2 1
res(f(z), o0) = 6¢7 3 e — 3 e? + 5 e=1

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.34 Problem.

Check the Zero Sum theorem for the following function

22 4+1
GZ
Hint.
no_hint
Solution.
We denote
2
zc+1
f(z) = =

We find singularities

At infinity we get the residue
res(f(z), 00) =0

and finally we obtain the sum
> res(f(z), 2) =0

Info.

not_given

no_comment

128




2.35 Problem.

Check the Zero Sum theorem for the following function

224+z-1
22(z—1)
Hint.
no_hint
Solution.
We denote
224z2-1

fz) = 22(z—1)

We find singularities

[{z=1}, {z=0}]

The singularity
adds the following residue
The singularity

adds the following residue
res(f(z), 0) =0
At infinity we get the residue
res(f(z), c0) = —1

and finally we obtain the sum
Zres(f(z), 2)=0

Info.

not_given

no_comment
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2.36 Problem.

Check the Zero Sum theorem for the following function

22—-2245
(z—=2)(2241)

no_hint

Solution.
We denote

22-2245

S EEP T

We find singularities

{z=2} {z =1}, {z=1}]

The singularity

adds the following residue

The singularity

adds the following residue

The singularity

adds the following residue

res(f(z), I) =1
At infinity we get the residue

res(f(z), c0) = —1

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.37 Problem.

Check the Zero Sum theorem for the following function

1
z+1)(z-1)
no_hint
Solution.
We denote
1
f(z) = —————
&)= e

We find singularities

{z =1} {z=-1}]

The singularity

adds the following residue

1
res(f(2), 1) = =
2
The singularity
z=-—1
adds the following residue
-1
res(f(z), —1) = 5

At infinity we get the residue
res(f(z), c0) =

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.38 Problem.

Check the Zero Sum theorem for the following function

1
z(1—22)
no_hint
Solution.
We denote
1
f(z) = ——~
(2) z(1—22)

We find singularities

{z =1} {z= -1}, {z = 0}]

The singularity

adds the following residue

res(f(z), 1) = %1
The singularity
z=-1
adds the following residue
res(f(z), —1) = _71

The singularity

adds the following residue

res(f(z), 0) =1
At infinity we get the residue

res(f(z), o0) =

and finally we obtain the sum

Zres(f(z), 2)=0

133



Info.

not_given

Comment.

no_comment
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2.39 Problem.

Check the Zero Sum theorem for the following function

1
z (224 4)2
no_hint
Solution.
We denote
1
{(z) = ———-=
(2) 2 (22 +4)2

We find singularities

{z =0}, {z =21}, {z = -21}]

The singularity

adds the following residue

1
f -
res(i(=), 0) = 1
The singularity
z=21
adds the following residue
(f(z), 21) = o
res(f(z), =3
The singularity
z=-21
adds the following residue
(f(z), —21) = =
r — = —
es(f(z), 3

At infinity we get the residue
res(f(z), o0) =

and finally we obtain the sum

Zres(f(z), z)=0

135



Info.

not_given

Comment.

no_comment
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2.40 Problem.

Check the Zero Sum theorem for the following function

1
z(z—1)
no_hint
Solution.
We denote
1
f(z) = ————
(2) z2(z—1)

We find singularities

[{z=1} {z=0}]
The singularity
adds the following residue
The singularity
adds the following residue

res(f(z), 0) = —1
At infinity we get the residue

res(f(z), 00) =0

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment

137



2.41 Problem.

Check the Zero Sum theorem for the following function

1
z(z—1)
no_hint
Solution.
We denote
1
f(z) = ————
(2) z2(z—1)

We find singularities

[{z=1} {z=0}]
The singularity
adds the following residue
The singularity
adds the following residue

res(f(z), 0) = —1
At infinity we get the residue

res(f(z), 00) =0

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment

138



2.42 Problem.

Check the Zero Sum theorem for the following function

1
EEE
no_hint
Solution.
We denote
1
{(z) = ——
(2) (22 +1)2

We find singularities

{z =—1}, {z =1}]

The singularity

adds the following residue

The singularity

adds the following residue
1
res(f(z), I) = ~1 I
At infinity we get the residue
res(f(z), c0) =

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.43 Problem.

Check the Zero Sum theorem for the following function

1
23 _ 5
no_hint
Solution.
We denote
1
f(z) = P

We find singularities

[{z=1} {z= -1}, {z=0}]

The singularity

adds the following residue

The singularity

adds the following residue

The singularity

adds the following residue

res(f(z), 0) =1
At infinity we get the residue

res(f(z), c0) =0

and finally we obtain the sum

Zres(f(z), 2)=0

140



Info.

not_given

Comment.

no_comment
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2.44 Problem.

Check the Zero Sum theorem for the following function

1

4 +1

no_hint
Solution.
We denote

1
f =
(2) 241

We find singularities

[z = 5 Va5 TVE}, {2 = —5 VB3 TVA}, {z = 5 VB3 IVE}, {2 = —5 V345 1VE)]

The singularity

1 1
z2=-V2+-1V2
2 2
adds the following residue

1 1 1
res(f(z), 5 \/i"‘ 51\/5) = m

The singularity

1 1
=—-V2-1V2
T 5 1V2
adds the following residue

1

res(f(z), . V2 — !

1
I\@:_Ql\f—z\/i

2
The singularity

1 1

adds the following residue

1

1 1
res(f(z), = V2 YW,

p V251V =

The singularity

1 1
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adds the following residue

1

1 1
res(f(z), *5 \/§+ 5[\6) - m

At infinity we get the residue
res(f(z), o0) =

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.45 Problem.

Check the Zero Sum theorem for the following function

1
z— 23
no_hint
Solution.
We denote
1
f(z) = ——
(2)=———

We find singularities

[{z=1} {z= -1}, {z=0}]

The singularity

adds the following residue

The singularity

adds the following residue

The singularity

adds the following residue

res(f(z), 0) =1
At infinity we get the residue

res(f(z), c0) =0

and finally we obtain the sum

Zres(f(z), 2)=0
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Info.

not_given

Comment.

no_comment
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2.46 Problem.

Check the Zero Sum theorem for the following function

1
z
Hint.
no_hint
Solution.
We denote
1
f(z) = -
()=

We find singularities
The singularity

adds the following residue
res(f(z), 0) =1
At infinity we get the residue
res(f(z), o0) = —1
and finally we obtain the sum
Zres(f(z), z)=0
Info.

not_given

no_comment

146



2.47 Problem.

Check the Zero Sum theorem for the following function

z

_“
(2249) 22
no_hint
Solution.
We denote
62
f(z) = ————
(2) (224+9) 22

We find singularities

{z =00}, {z=-31},{z=0}, {z=3T}]

The singularity

z=-31
adds the following residue
res(f(z), —31) = —514 (ef)3
The singularity
z=0
adds the following residue
res(f(z), 0) = %

The singularity

adds the following residue

res(f(z), 31) = 5%1 I(e"?

At infinity we get the residue

res(f(z), o0) = — —— = —TI(h)?

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.48 Problem.

Check the Zero Sum theorem for the following function

e
2241
no_hint
Solution.
We denote
eZ
f(z) = ——
(2) 21

We find singularities

[{z =00}, {z=—1}, {z=1}]

The singularity

adds the following residue

The singularity

adds the following residue

res(f(z), I) = f% Iel

At infinity we get the residue

171 1
res(f(z), 00) = 3 + 3 Ie!

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.49 Problem.

Check the Zero Sum theorem for the following function

z

_“
(2249) 22
no_hint
Solution.
We denote
62
f(z) = ————
(2) (224+9) 22

We find singularities

{z =00}, {z=-31},{z=0}, {z=3T}]

The singularity

z=-31
adds the following residue
res(f(z), —31) = —514 (ef)3
The singularity
z=0
adds the following residue
res(f(z), 0) = %

The singularity

adds the following residue

res(f(z), 31) = 5%1 I(e"?

At infinity we get the residue

res(f(z), o0) = — —— = —TI(h)?

and finally we obtain the sum

Zres(f(z), z)=0
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Info.

not_given

Comment.

no_comment
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2.50 Problem.

Check the Zero Sum theorem for the following function

.
(z—1)(z—2)?
no_hint
Solution.
We denote
z
f —
(2) (z—1)(z - 2)2

We find singularities
The singularity
adds the following residue
The singularity
adds the following residue
res(f(z), 2) = —1
At infinity we get the residue

res(f(z), c0) =0

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.51 Problem.

Check the Zero Sum theorem for the following function

2

_z
EEE
no_hint
Solution.
We denote
2
z
{(z) = ——-
(2) (22 +1)2

We find singularities

{z=—-1}, {z=1}]

The singularity

adds the following residue

The singularity

adds the following residue
1
res(f(z), I) = ~1 I
At infinity we get the residue
res(f(z), c0) =0

and finally we obtain the sum

Zres(f(z), z)=0

not_given

no_comment
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2.52 Problem.

Check the Zero Sum theorem for the following function

4

z
A +1
no_hint
Solution.
We denote
4
z
f(z) = ——
(2) zA4+1

We find singularities

(2= 5 Va5 TVE}, {2 = 5 VB3 TVA}, {z = 5 VB3 IVE), {z = —5 V3t 5 1VE)]

The singularity

1 1
z2=-V24+ =112
2 2
adds the following residue

1

1 1
res(f(z)7 5 \/5"‘ 5[\/5) = _m

The singularity

1 1
=—-V2-1V2
T2 5 1V2
adds the following residue

1

res(f(2), —5 N

2

1

1v2) = 212 —22

The singularity

1 1
2’25\/5—5[\/5

adds the following residue

1

1 1
res(f(z), 5 \/5_ 51\/5) = m

The singularity

1 1
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adds the following residue

1

1 1
res(f(z), *5 \@4’ 5[\/5) = *m

At infinity we get the residue
res(f(z), o0) =

and finally we obtain the sum

Zres(f(z), 2)=0

not_given

no_comment
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2.53 Problem.

Check the Zero Sum theorem for the following function

o

(1—2)2
Hint.

no_hint
Solution.
We denote

5
z
f =

We find singularities

[{z =00}, {z =1}, {z = —oc}]

The singularity

adds the following residue
res(f(z), 1) =5
At infinity we get the residue
res(f(z), oo) = =5
and finally we obtain the sum
Zres(f(z), 2)=0
[nfo.

not_given

no_comment
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3 Power series problems

Example

oo

n

on
n

=1
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3.1 Problem.

Sum the following power series

derive_once_and_sum

Solution.
We denote the n-th term in the series by
(_1)(n+1) P

a(n) = -

For the ratio test we need the term a(n + 1)
(—1)(n+2) z(n+1)
=" =

a(n+1) e

Ratio test computes

L Jatn+ 1)

n—oo  la(n)]
and obtains in our case
2t

lim || =
s (n+1)z" 2

n—oo

Moreover we can check the root test computing

: n
Jim {/la(n)]|

and obtain in our case

(_1)(n+1) prg

i () =
Jim | ] E

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

e -1 (n+1) ,n
> EEE e

n=1
not_given

no_comment
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3.2 Problem.

Sum the following power series

o0
(—=1)"n? 2"

n=1

divide_by_z_and_integrate
Solution.
We denote the n-th term in the series by
a(n) = (=1)"n? 2"
For the ratio test we need the term a(n + 1)
a(n+1) = (=) (n 4 1)2 (0D

Ratio test computes
1
L Ja(n o+ 1))
n—oc  |a(n)|

and obtains in our case

2 (n+1)
lim —(n—l—lg :
n= zm"

= |2]
n—oo

Moreover we can check the root test computing

w35, Vi)

and obtain in our case
nhm [(=1)" n=2"] = |z|

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

oo

z(—z+1)

(—1)"n?2" = — (1+2)

n=1
not_given

no_comment
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3.3 Problem.

Sum the following power series

manipulate_the_numerator_to_cancel

Solution.
We denote the n-th term in the series by
B (_1)n nS 2
an) = )

For the ratio test we need the term a(n + 1)

(=1)+D) (n 4 1)3 24D
(n+2)!

a(n+1) =

Ratio test computes
. Ja(n+1)]
lim —————=

woela(n)]

and obtains in our case

(n+1)2 20 (n+ 1)1

li =0
e (n+2)In3 2

n—oo

Moreover we can check the root test computing

Jim{/a(n)]

and obtain in our case
(_1)n 7’L3 on (L)

lim (—————)'»

—_1)" 3 .n
i [ED 2
n—oo " (n+1)!

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

i(_l)nniizn_
— (n+1)!
1_(—2)(1+ _|_1 2) 1_(—2)(1+ _|_1 24_1 3)
1 1—e=2) (1+2) e 2t 5% e zt52 62
——z |2—F—12 +12
2 22 22 22
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Info.

not_given

Comment.

no_comment
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3.4 Problem.
Sum the following power series
n(2n—1)

n=1

make_the_power_2n_and_derive_twice

Solution.
We denote the n-th term in the series by
- (_1)n o
an) = n(2n—1)
For the ratio test we need the term a(n + 1)
(—=1)(nHD) Z(n+1)
an+1)=—~2 =~
( ) (n+1)(2n+1)

Ratio test computes
1
L Ja(n+ 1))
n—oc  |a(n)|

and obtains in our case

. 2D (20 — 1)
lim
n—oo |(n+1)(2n+1)2z"

= |z|
Moreover we can check the root test computing
Jim {/la(n)]|

and obtain in our case

lim D2

) —
n—o0 n(2n—1)] 12

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

n=1
not_given

no_comment
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3.5 Problem.

Sum the following power series

i (2n+1)z"
— n!

prepare_a_combination_of _exponentials

Solution.
We denote the n-th term in the series by
_(2n+1)2"
a(n) = —

For the ratio test we need the term a(n + 1)

~ (2n+3) 20D
a(n+1) = W

Ratio test computes

1 lan+ 1)

noeJa(n)]

and obtains in our case

(2n + 3) 2"+ pl
m+1)!2n+1)z"

lim =

n— oo

Moreover we can check the root test computing

33, Vlaln)
and obtain in our case
2 1) 2™ 2 1) 2"
tim (22D | gy (2D
n—oo n! n—o0o n!

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

— (2n+1)2" 1
gggnggf_ze<§+@
not_given

no_comment
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3.6 Problem.

Sum the following power series

prepare_a_combination_of _exponentials

Solution.
We denote the n-th term in the series by

For the ratio test we need the term a(n + 1)

(n+1)2 =2) 2+
2(n+1) (p 4+ 1)!

aln+1) =

Ratio test computes

L Jatn+ 1))

n=oc  la(n)]
and obtains in our case
(n+1)2 —2) z(n+1) )

. (n+ 1! (n%2—2)zn
o 2(n+1)

n

Moreover we can check the root test computing

lim {/|a(n)]

n—o0
and obtain in our case
2 n 2 n
tim (276 | i (D@
n— o0 2n n! n—00 2n !

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

00(712*2)2“ 1/2 1 1/2 1 1/2 L 12 2
Z o = 21294 = /20722 54 = (/2 41) e1/22) z 4= (1/27) 4
o 2n n! 2 2 4

not_given

no_comment
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3.7 Problem.

Sum the following power series

oo

Zn(n+1)z"

n=0

divide_by_z_and_integrate_twice

Solution.
We denote the n-th term in the series by

a(n)=n(n+1)2"
For the ratio test we need the term a(n + 1)
a(n+1) = (n+1)(n+2)2n+

Ratio test computes
1
L Ja(n+ 1))
n—oe  |a(n)|

and obtains in our case

(n +2) z(*+1)
nzm

lim

= 2|
n—oo

Moreover we can check the root test computing

w35, Vi)

and obtain in our case

lim [n(n+1)2"G) = |z

n—oo

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

oo

Zn(n—&-l)z”:—2m

n=0
not_given

no_comment
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3.8 Problem.
Sum the following power series
57l

n=0

divide_by_z_and_integrate
Solution.
We denote the n-th term in the series by

nz"

57l

For the ratio test we need the term a(n + 1)

a(n) =

(n+1) z(»+D)

aln+1) = 5

Ratio test computes
. |a(n+1)]
lim ——————

nroo Ja(n)]

and obtains in our case

(n+1) z(»+D)

5n
lim e =— |z
n— oo 5(n+1) )

Moreover we can check the root test computing

a(n)]

lim ¢
n— o0

and obtain in our case

nz"

R ) | i (D))

fim [ n—oo = HhN

n—o0 n

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

> nan z
E =5
5n (z—5)2

n=0

not_given

no_comment
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3.9 Problem.

Sum the following power series

oo
Z ’I’L2 Z(n—l)
n=1

integrate_divide _by_z_and_integrate
Solution.
We denote the n-th term in the series by

a(n) = n? 2"~V

For the ratio test we need the term a(n + 1)
a(n+1)=(n+1)%2"

Ratio test computes
1
L Ja(n+ 1))
n—oc  |a(n)|

and obtains in our case

) (n+1)22"
lim FTFCEE

= |2|
n—oo

Moreover we can check the root test computing
lim 3/|a(n)]

n— oo

and obtain in our case

lim [n? 2" DG = |z
n—oo

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

> 1
ZnZZ(n_l): -z 3
n=1 (72 + 1)

not_given

no_comment
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3.10 Problem.

Sum the following power series

L(2n)

ng() (2n)!

manipulate_to_exponentials

Solution.
We denote the n-th term in the series by

2(2n)
- (2n)!
For the ratio test we need the term a(n + 1)
2(2 n+2)
)= 7
aln+1) = oo
Ratio test computes
. la(n+1)|
lim ———————

n=oo  |a(n)

and obtains in our case

2(2 n+2) (2 ’I’L)'
(2n +2)!22n)

n— 00

Moreover we can check the root test computing

Jim 3/l (n)|

and obtain in our case
(2n)
T AN 1€

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

E = cosh(z
= (2n)!
not_given

no_comment
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3.11 Problem.

Sum the following power series

o (2n-1)

Z 2n—1)!

n*O

manipulate_to_exponentials

Solution.
We denote the n-th term in the series by

( 2(2 n—1)
a(n) = ——
(2n—1)!
For the ratio test we need the term a(n + 1)
2(2 n+1)
= —
aln+1) = 5o
Ratio test computes
. Jaln+ 1)
lim ——————

n—oo  |a(n)|
and obtains in our case

224D (2 — 1)
(2n+1)! 2271

n—oo
Moreover we can check the root test computing
Jim, o)
and obtain in our case
22n=1)

i o™ =

lim (ﬂ) L
n—oo " (2n — 1)!

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

& 2n 1)
Z an =) = sinh(z)
n—O

not_given

no_comment
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3.12 Problem.

Sum the following power series

Zn(n—l—l)

n=1

multiple_by_z_and _derive_twice

Solution.
We denote the n-th term in the series by

a(n) = =
S n(n+1)

For the ratio test we need the term a(n + 1)
a(n+1) = A
C n+1)(n+2)

Ratio test computes
L latn+ 1)
n—oo  |a(n)]
and obtains in our case
2t
(n+2)zn =

Moreover we can check the root test computing

lim
n— o0

233, Vialo)

and obtain in our case
n
im 27](%) = |z
n—oo n(n+1)

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

In(—z+1)
—nm+l) 2 z z—1
not_given

no_comment
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3.13 Problem.

Sum the following power series

manipulate_to_exponentials

Solution.
We denote the n-th term in the series by

ZTL

a(n) = por)

For the ratio test we need the term a(n + 1)

) »(n+1)
a(n+1) = (n+1)!
Ratio test computes
- Ja(n+1)]
lim ——————

n—oo  |a(n)|
and obtains in our case

2(n+1) )

lim | " | =
e (n+1)lzn

n— oo

Moreover we can check the root test computing
lim ¥
Jim{/a(n)]

and obtain in our case

lim [i'](%) =

n—oo M.

zn

)(%)

lim (
n—,oo MN!

From this we conclude the radius of convergence R. For |z| < R we sum the
series using common tricks for power series

o0
2" .
> e
n!
n=0
not_given

no_comment
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