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2 JAN TRLIFAJ

§1 TEST MODULES FOR PROJECTIVITY AND INJECTIVITY

A useful method for testing projectivity and injectivity of modules consists in
evaluations of appropriate extension groups Ext. Of course, a module M is projec-
tive iff Extr(M,N) = 0 for all modules N € Mod-R. Similarly, N is injective iff
Extr(M,N) = 0 for all modules M € Mod-R.

When testing the projectivity or injectivity, we need not check all the groups
Extr(M,N). In fact, the evaluation of a single group is enough. For each mod-
ule M, there exist modules K and L such that M is projective (injective) iff
Extp(M,K) = 0 (Extg(L,M) = 0). The problem is that the modules K and
L depend on M, and they can be quite big provided M is such. We would like to
get rid of this dependence, deciding the projectivity or injectivity of M by calcu-
lating a single Ext group using a fixed module N. This leads to the following basic
definition:

Definition 1.1. Let R be a ring and N be a module.

(i) N is said to be a test module for projectivity (or a p-test module) provided
for all M € Mod-R, M is projective iff Extr(M,N) = 0.
The class of all p-test modules is called the p-test class and denoted by P7.

(ii) N is said to be a test module for injectivity (or an i-test module) provided
for all M € Mod-R, M is injective iff Extr(N, M) = 0.
The class of all i-test modules is called the i-test class and denoted by Z7 .

In this section, we deal with existence of p-test and i-test modules. We show that
the i-test class is a proper class for an arbitrary ring. Further, the p-test class is a
proper class for any right-perfect ring. The more difficult question of existence of
p-test modules over non-right perfect rings will be studied in the next two sections,
since the answer cannot be given using only algebraic methods.

First, we note that projectivity and injectivity of a given module can be tested
by checking a single Fxt group:

Lemma 1.2. Let R be a ring.
(i) Let M € Mod-R and

0—-KLP—>M-—0

be a short exact sequence in Mod-R such that P is projective. Then M 1is projective
iff Extp(M,K) = 0.
(i) Let N € Mod-R and

0—-N—-I—-L—0

be a short exact sequence in Mod-R such that I is injective. Then N 1is injective
iff Extr(L,N) =0.

Proof. (i) Using the definition of Ext by Hom groups of the given projective pre-
sentation of M, we get Extr(M,K) ~ Hompr(K,K)/Im(Homg(v,K)). Assume
Extr(M,K) = 0. Then idx = nv, for some 7 € Homg(P,K). So Ker(w) is a
summand of P and Ker(n) ~ P/Im(v) ~ M.

(ii) Dual to (i). O

Using Baer’s criterion for injectivity, it is easy to see that i-test modules exist
over an arbitrary ring R:
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Proposition 1.3. Let R be a ring. Let £ be the set of all proper essential right
ideals of R. Put M = @3 ,.c R/I. Then M is an i-test module.

Proof. Assume Extp(M,N) = 0. Let J be a left ideal of R and ¢ € Hompg(J, N).
There exist J C I € £ and ¢ € Homp(I, N) such that ¢ [ J = ¢. By the premise,
Extr(R/I,N) = 0. Since the sequence

0 — Homgr(R/I,N) — Homg(R,N) — Homg(I,N) — Exztr(R/I,N) =0

is exact, there is some ¢ € Hompg(R, N) such that ¢ [ [ = ¢. By the Baer’s
criterion, N is injective. [J

Of course, any module possessing a summand isomorphic to an i-test module is
likewise i-test. This implies

Corollary 1.4. For any ring R, there is a proper class of i-test modules.

Clearly, each (projective) module is i-test iff the ring R is semisimple. Denote
by P the class of all projective modules. Then Z7 C Mod-R\ P provided R is not
semisimple. Though Z7 is a proper class, almost never does Z7 = Mod-R\P. We
shall consider this problem in detail in §4.

Proposition 1.5. Let R be a right perfect ring. Denote by M the set of all
mazimal right ideals of R. Put N = ®) ;. R/I. Then N is a p-test module.

Proof. Assume Extr(M,N) =0 and M is non-projective. Let
00— K—P—M-—0

be a projective cover of M, i.e. a short exact sequence with P projective and
K a superfluous submodule of P. By the premise, K # 0 and K has a maximal
submodule, L. Then K/L is isomorphic to a summand of N, and Fxtr(M,K/L) =
0. Let € Hompg(K, K/L) be the projection. By the definition of Fxt using Hom
groups of the projective cover of M, there is a ¢ € Hompg(P, K/L) such that
¢ | K = m. Then Ker(¢) is a maximal submodule of P and K C Rad(P) C
Ker(¢) C P. Thus, 7 = ¢ | K =0, a contradiction. O

Corollary 1.6. Let R be a right perfect ring. Then there is a proper class of p-test
modules.

Clearly, each (injective) module is p-test iff the ring R is semisimple. Denote
by Z the class of all injective modules. Then P7T C Mod-R \ Z provided R is not
semisimple. Though P7 is a proper class over any right perfect ring, almost never
does P7T = Mod-R\ Z. Also this problem will be considered in detail in §4.

§2 THE USE OF UNIFORMIZATION PRINCIPLES

In this and in the subsequent section, we show how methods and results of infinite
combinatorics are used to answer the question of existence of p-test modules over
non-right perfect rings. The answer turns out to be independent of ZFC.

In this section, we show that there is no p-test module over any non-right perfect
ring, assuming Shelah’s uniformization principle UP. Moreover, there exist non-
right perfect rings over which there are no finitely generated p-test modules (in
ZFC).

We start with several notions from infinite combinatorics:



4 JAN TRLIFAJ

Definition 2.1. Let R be a non-right perfect ring. By Bass’ Theorem P, there
exist elements a; € R,i < Vg, such that (Ra;...ag;1 < Ng) is a strictly decreasing
chain of principal left ideals of R. Let k be an infinite cardinal and E be a subset
of k* such that E C {a < kT;cf (a) = Ro}. Let (ny;v € E) be a ladder system ,
i.e. for each v € E, let (n,(i);i < Np) be a strictly increasing sequence of non-limit
ordinals less that v such that sup,_y, 7. (i) = v.

Let (Ro; < k™) be a system of free modules defined as follows: R, = R provided
a € kT \ E, and R, = R®) provided o € E. For a € x* \ E, denote by 1, the
canonical generator of R, and for o € E let {1, | i < No} be the canonical basis
of R,. Note that by Bass’ lemma, for every v € F, the module

Su - Z (1u,i - 1u,i+1 ‘ ai)R

i<V

is a free submodule of R, such that R, /S, is not projective. Put P =@ _, s Ra,
Q= ZaeE Qa, and Qq = Zi<No gai R for all a € F, where g; = (1na(i) — Lo+
lo41-a;) € P, for all a € E and ¢ < Ry. Finally, put M = P/Q) € Mod-R.
Recall that F is a stationary subset of a cardinal A provided E has a non-empty
intersection with any closed and cofinal subset of .

Lemma 2.2. If E is a stationary subset of k¥, then proj.dim(M) = 1.

Proof. Put My = 0 and, for each 0 < o < ™, My = (@3 4., Bs + Q)/Q.
Then (My;a < kT) is a xT-filtration of M. Clearly, Q = &> .5 Qu, Qu =
@ZKNO goiR for all @ € E, and Ann(g,;) = 0 for all @« € E and i < ¥y. Hence,
proj.dim(M) < 1. Proving indirectly, assume proj.dim(M) = 0, i.e. M is projec-
tive. By Kaplansky’s structure theorem for projective modules, there exist modules
(Pa;or < kT) such that gen (Py) < Ng for all a < k™ and M =@} ..+ P, Put
No = O and, foreach 0 < a < £, No = @3 5, Ps. Clearly, (No;a < x1)isar’-
filtration of M. Since the set C' = {a < k1; M, = N,} is closed and cofinal in 7,
Eklof’s lemma implies there exists v € ENC. Of course, D = CN{a < kT;v < a}
is also closed and cofinal in kT, whence there is some € END. Then X = N, /N,
is a projective module. On the other hand, put Y = (3, ., Ra+@Q)/Q. Then
X = M,/M, = M,1/M, + (Y + M,)/M,. By 2.1, Y N M, C M,, whence
M, 1/M, ~ R, /S, is a non-projective summand of X, a contradiction. [

The following (meta-) lemma is proved by forcing in [Sh, §2] or [ESh, §2]:

Lemma 2.3. Let k be a cardinal such that cf (k) = Rg. Consider the following
assertion

UP,: “there exist a stationary subset E of k1 satisfying E C {a < k;cf (o) = Ro}
and a ladder system (n,;v € E) such that for each cardinal A < k and each sequence
(hy;v € E) of mappings from Rg to X\ there is a mapping f : kT — X such that
VveEIj<RoVji<i<No:f(n(i))=h()"

Denote by UP the assertion “UP, holds for every uncountable cardinal k such that
cf (k) =g 7. Then UP is consistent with ZFC' + GCH.

The principle UP, says that there are a stationary set £ C x* and a ladder
system such that for all colourings of all ladders from the ladder system by < &
colours there is a uniform colouring of the whole k¥ which coincides with each
particular colouring on almost all steps of the particular ladder.



ALGEBRA AND INFINITE COMBINATORICS 5

Lemma 2.4. Let k be a cardinal such that cf (k) = Ng. Assume UP,, holds. Let
M = P/Q be the module corresponding to the E and (n,(i);v € E) from UP,
by 2.1. Then Extg (M,N) =0 for all N € R-mod such that card (N) < k.

Proof. We have Extr (M, N) ~ Hompg (Q, N)/Im(Hompg (7, N)), 7 being the in-
clusion of @ into P. We are to prove that every € Homp (Q, N) is a restriction of
some y € Hompg (P, N), i.e. x = y7. Take 2 € Hompg (Q, N). W.lLo.g., we can as-
sume that the support of the module N is A = card (N). Using the notation of 2.1,
for each v € E, we define h, : Rg — X\ by h,(i) = z(g,;) for all i < Ry. By UP,,
there exists f : kT — Asuchthat Vv € EJj, <NgVj, <i < Rg:h,(i) = f(n,(i)).
Define y € Hompg (P, N) as follows: Take v < K.

If & = n, (i) for some v € E and j, < i < Ng, put y(1,) = f(«);

If o does not satisfy (I) and o ¢ F, put y(1,) = 0;

If @« € E, put y(1,,;) = 0 provided i > j,. For 0 < i < j,, define y(1,,) by
induction on 4 (downwards): If there exist ¥ € F and k > j, such that n,(i) =
n,(k), put y(la:) = f(na(?)) — 2(9ai) + ¥(1ai+1) - a;. If there are no v € E and
k > j, such that ny (i) = n,(k), put y(la:) = —2(gai) + y(La,it1) - ;.

It remains to prove that z(gai) = ¥(gas) for all @ € E and i < Rg. Put 8 = ny(4).
Of course, ¥(9ai) = y(1) — y(la,i) + y(la,i+1) - a;- We distinguish the following
three cases:

i > ja. Then y(1g) = f(B) = ha(i) = 2(ga:) and y(la:) = y(lait1) = 0,
whence y(gai) = ©(gai);

i < ja, but there exist v € F and k > j, such that 5 = n, (k). Theny(1g) = f(8)
and y(1a,i) = f(B) = ©(gai) + y(Lla,it1) - ai, whence y(gai) = ©(gai);

i < jo and there are no v € E and k > j, such that 8 =n, (k). Then y(13) =0
and y(la,z') = —2(gai) + y(la,iﬂ) -a; whence ¥(gai) = 2(gai), q.e.d. O

Theorem 2.5. The assertion “There is no p-test module over any non-right perfect
ring” is consistent with ZFC + GCH.

Proof. By 2.3, we assume UP. Let N be a module. Let x be a cardinal such
that k > card(N). By 2.2 and 2.4, there is a non-projective module M such that
Extr(M,N) = 0. Hence, N is not a p-test module. O

The following example shows (in ZFC) that there exist non-right perfect rings
without finitely generated p-test modules:

Example 2.6. Let R be a right self-injective non-right perfect ring (e.g. let R be
the ring of all linear transformations of an infinite dimensional right linear space
over a skew-field). Then no finitely generated module is a p-test module.

Proof. Let a;, i < Ny be as in 2.1. Let 1;, ¢ < Ry be the canonical basis of the free
module F = R™) and let G = Y, _ (1 — Liy1 -a;)R C F. Put M = F/G. By
Bass’ lemma, G is a free module, and M is not projective. If N is a finitely generated
module, we have N ~ R(”)/K for some n < Xy and K C R™. Since the sequence
0 -G — F — M — 0 is exact, we get 0 = Eztr(G,K) — Ext%(M,K) —
Ext%(F,K) = 0, and Ext%(M,K) = 0. Since the sequence 0 — K — R(™ —
N — 0 is exact and R is right self-injective, we have 0 = Extr(M,R™) —
Extp(M,N) — Ezt%(M,K) =0, whence Extg(M,N)=0. O

For right hereditary rings, the question of existence of p-test modules can be
decided on free modules:
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Proposition 2.7. Let R be a ring and k a cardinal. Then the following conditions
are equivalent:

(i) There exists a p-test module N such that gen(N) < k and proj.dim(N) < 1;
(ii) R") is a p-test module.

Proof. The non-trivial part is (i) == (ii) : Let M be a module such that
Extr(M, R(“)) = 0. By the premise, there is an exact sequence 0 — K — R(®) —
N — 0, where K is projective. Then 0 = Extgp (M, R"™) — Extgr (M,N) —
Ext? (M, K) = 0, whence Extp (M, N) = 0, and M is projective by (i). O

Corollary 2.8. Let R be a right hereditary ring. If there is a p-test module in
Mod-R, then there is a cardinal k such that each free module of rank > k is p-test.

Proof. Take k = min{gen(N); N is p-test } and apply 2.7. O
§3 WEAK DIAMONDS AND THE EXISTENCE OF P-TEST MODULES

The main purpose of this section is to prove consistency of existence of p-test
modules for certain classes of non-right perfect rings. An essential tool for this
is a combinatorial principle called generalized weak diamond (and denoted by ¥).
Since ¥ is a consequence of the axiom of constructibility, all consequences of ¥ are
consistent with ZFC + GCH. Our proof is in three steps:

Step I: by purely algebraic means, the existence of modules testing projectivity of
modules of “small” size is obtained;

Step II: using ¥, the testing is extended to modules of regular cardinality;

Step III: Shelah’s Compactness Theorem is applied to cover the singular cardinality
case.

Note that the proof requires the generalized weak diamond only in Step II, the
other steps being proved in ZFC.

In this way, the existence of p-test modules is achieved for all right hereditary
non-right perfect rings. Further results are obtained in the particular cases when
(1) R is a Dedekind domain with card(R) < N; such that R is not a complete
discrete valuation ring; and
(2) R is a simple von Neumann regular ring with card(R) < N; such that R has
countable dimension over its center.

In the case 1), p-test modules include all non-zero free modules. In the case 2),
all non-zero countably generated modules are p-test. Hence, also all non-zero free
modules, and semisimple modules, are p-test in the case 2).

Step I for the Dedekind domains is a well-known generalization of the classical
result of Stein for Z. The generalization is due to Nunke ([Nu, §8]):

Proposition 3.1. Let R be a Dedekind domain which is not a complete discrete
valuation ring. Let F' be a non-zero free module, and M be a module of countable
rank. Then M is projective iff Extg(M, F) = 0.

We turn to Step I for the von Neumann regular rings:

Lemma 3.2. Let R be a von Neumann regular ring such that dimg(R) < Ro, K
being the center of R. Then each left (right) ideal of R is countably generated.
Hence R is (left and right) hereditary. In particular, any countable von Neumann
regular ring is hereditary.
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Proof. Let I be a right ideal of R. Then dimg(I) < Xg. Let B = {by;n < Kk},
K < Vo, be a left K-basis of I. Then I =3 _, b,R, and I is countably generated.
Since R is regular, I is projective, and R is right hereditary. The left-hand version
follows similarly. [J

Proposition 3.3. Let R be a simple von Neumann regular ring. Denote by K
the center of R. Assume dimg(R) < Ng. Let N be a non-zero countably gener-
ated module. Let M be any countably generated module. Then M 1is projective iff

Proof. Let Extgr(M,N) = 0. Let M’ be any finitely generated submodule of M.
We prove that M’ is projective: We have M’ ~ R("™) /I for some 0 < m < Ng
and I € Mod-R. Proving indirectly, assume gen(I) > Xg. Then the regularity of R
implies I is a direct sum of cyclic modules, I = &} _, o R. Since Extr(M,N) =
0, 3.2 implies Extr(M’,N) = 0. Then also Extp(R™ /I',N) = 0, where I' =
@Y nec TaR, for a countably infinite subset C' C . Since each z,R is cyclic
and projective, there exist idempotents 0 # e,, o € C, such that x,R ~ e, R
for all « € C. Since R is a simple ring, we have Ne, # 0 for all « € C. In
particular, dimg(Homp(I',N)) = dimg ([ cc Nea) = dimg(K™°) > Ro, while
dimyg (Homp(R™ N)) = dimg(N™) < Ry. This contradicts the exactness of
the sequence

0 — Homg(R™ /I',N) — Homgr(R™ N) — Homg(I',N) — 0.

Hence, gen(I) < Rg, I is a summand of R("™ (as R is regular), and M’ is projective.
Thus, M is Ng-projective, and the assertion is true provided M is finitely generated.
If gen(M) = Rg, we use the following

Lemma 3.4. Let R be a right hereditary von Neumann regular ring. Let M be an
Ro-projective module with gen(M) = Xo. Then M is projective.

Proof. We have M = R®™0) /T for some I C R®). Put M,, = (R™ 4 I)/I and
I, = R™NI, n < Xy. Then M is a union of the non-decreasing chain (M,;n < o).
By the premise, M,, ~ R(" /I, is projective, and I, is finitely generated. Therefore,
we can define two sets, (A,;0 < n < Ng), and (B,;0 < n < Ng), of finitely generated
submodules of R®0) by

B,® (I, +R"Y)=R™ and I, =1I1,®A,,

for each 0 < n < Rg. Then R = I; & (&Y e, An) & (8D cpen, Bn)-
Now, I = Upcn<noln, I = 11 & (@Zo<n<No A,), and M ~ @Zo<n<No B,, is
projective. [J

For Step II, we start with combinatorial principles that follow from the axiom
of constructibility:

Definition 3.5. Let k be a regular uncountable cardinal and E be a stationary
subset of k. Denote by & (E) the Jensen’s diamond(for x and E), i.e. the assertion
“ Let A be any set of cardinality £ and (A,; o < k) a s-filtration of A. Then
there is a system {S,;a < k} such that S, C A, for all @ < k, and the set
{a € E; X NA,=5,} is stationary in &, for every X C A
Denote by @, (FE) the weak diamond(for k and F), i.e. the assertion
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“ Let A be any set of cardinality x and (A,; « < k) a k-filtration of A. For each
a € E,let P, : Exp(A,) — {0,1} be given. Then there is ¢ : E — {0, 1} such that
the set {a € F; P, (X N A,) = ¢(a)} is stationary in &, for every X C A.”

Denote by ¥, (F) the assertion

“ Let A be any set of cardinality x and (A,;a < k) a rk-filtration of A. For
each a € E, let 2 < p, < Ry and let P, : Exp(A,) — po be given. Then there is
1 : E — Ny such that ¢(«) € p, for all & € E, and the set {a € E; P,(X NA4,) =
()} is stationary in x, for every X C A.”

Finally, denote by ¥ the generalized weak diamond, i.e. the assertion:

“ W, (F) holds for each regular uncountable cardinal x and each stationary subset
ECk”.

Note that ¥, (F) says that given colourings of all subsets of all members of a
filtration of A by a varying finite number of colours, there is a colour estimate
function ¢ which works well for a large number of indices. This principle is less
well-known, but it will be very useful to us. We notice its position between the
better known diamond principles:

Lemma 3.6. (i) Let x be a regular uncountable cardinal and E be a stationary
subset of k. Then $n(E) = Vi (E) = @.(E).
(i) ¥ is consistent with ZFC + GCH.

Proof. (i) This is clear, taking ¢ (a) = Py (S) for all @ € E for the first implication,
and taking p, = 2 for all « < k for the second.

(ii) Assume the axiom of constructibility. Then, by a well-known result of Jensen,
$r(E) holds for each regular uncountable cardinal x and each stationary subset F
of k. Note that the Jensen’s diamond for x = AT and E = AT implies 2* = A 7.
Hence, GCH holds, and (i) implies that the assertion holds true. O

In general, by [Sh, Ch.XIV], none of the implications from 3.6(i) can be reversed.

Lemma 3.7. Let k be a regular uncountable cardinal and E a stationary subset of
k. Assume U (E). Let R be a ring with card(R) < k. Let N be a module such that
card(I(N)) < k. Let M be a k-projective module such that gen(M) = k and there
is a K-filtration (Co;a < k) of M such that E = {a < k; Extg(Cay1/Ca, N) # 0}.
Then Extr(M,N) # 0.

Proof. First, we take a s-filtration (D,;a < k) of the set x and elements m, € M,
a < K, such that Co = Y 5. mgR, for all @ < k. Let (Baja < k) be a k-
filtration of the Z-module I = I(N). Denote by v the inclusion of N into I, by
7 the projection of I onto I/N, and by v, the inclusion of C,, into Cyy1, for all
a < K.

Take € E. Let X, = Hompg(Cy,N) and Y, = Im(Hom(v,, N)). By the
premise, there is some f, € X, \ Y,. Denote by o, the order of f, + Y, in the
group X, /Y, = Extg(Coy1/Co, N).

We are going to use the principle ¥, (F) in the following setting: A = k x I and
Ay =Dy X By, a < k. Let a € E. If o, = Ng, we put po, = 2. If 0, < Ng, we
define p, = 04. In order to define the colourings P,, o € E, we equip the set of all
mappings from D, to B, with an equivalence relation ~,: we put u ~,, v iff there
aren € Zand y € Y, such that v=wu+nf, [ Dy +vy [ Dy. Note that the number
n is unique (unique modulo p,,) provided o, = Rg (04 < Vo). Now, for each a € F,
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we take a colouring P, : Exp(A,) — ps such that P, (u) = P,(v) iff the number n
given by the pair (u,v) is divisible by p,.

Let ¢» : E — ¥y be the mapping corresponding to this setting by ¥, (E). In
order to prove that Extr(M,N) # 0, we shall construct g € Homgr(M,I/N) \
Im(Homg(M,7)). By induction on a < k, we define g, € Hompg(Cy,I/N) so
that go+1 [ Ca = go for each o < K, and go = Ug<agp for all limit o < k.

Put go = 0. Assume g, is defined for an ordinal o < k. We distinguish the following
two cases:

(I) « € E and there exists f € Homp(Coy1,I) such that Im(fv, [ Do) C Ba,
Pa(fVa [ Dy) = 7/’(04% and g, = TfVq.

(IT) = not (I).

In the case (I), take an f satisfying the conditions of (I). The injectivity of I yields
the existence of h, € Homp(Cy41,I) such that hove = fa— fo. Put go41 = mha.
Then go41va = TfVa — Tfa = Ga-

In the case (II), the projectivity of C, yields the existence of h, € Homp(Cqy,I)
such that g, = 7hs. The injectivity of I gives some ho+1 € Homp(Cyy1,I) such
that hy = hat1Va- Put gotr1 = mhay1. Then got1 [ Co = ga-

Finally, put ¢ = Up<xGga- Then g € Hompr(M,I/N). Proving indirectly, suppose
there is ' € Homp(M,I) such that ¢ = wh’. Note that the set {@ < x; Im(h’ |
D,) C B,} is closed and cofinal in k. Put X = Us<x(h' | D,). By the premise,
there is an « € F such that g [ Cy = mhvg, Po(hve | Do) = Po(X N AL) = (),
and Im(hv, | Do) C B, where h = h' | Co11. Hence, the case (I) occurs, and
m(ha—h) = 0. Then y, = (hoa—h)v € Y,. Moreover, fv, = hvg+ fo +Ya, whence
11)(@) = Pa(fl/oz I Da) = Pa(hVa [ Do + fa | Do +ya | Da) 7é Pa(hl/a I Da)a a
contradiction. Thus g ¢ Im(Homg(M,r)). O

Lemma 3.8. Let k be a regular uncountable cardinal. Assume ¥, (E) holds for
all stationary subsets of k. Let R be a ring with card(R) < k. Let N be a module
such that card(I(N)) < k. Let M be a k-projective module such that gen(M) = k.
Then the following conditions are equivalent:

(i) Extr(M,N) =0 ;

(ii) There is a k-filtration (Co; a0 < K) of M such that Extg(Cay1/Ca, N) =0 for
all o0 < K.

Moreover, the implication (ii)) = (i) holds in ZFC.

Proof. (i) = (ii): Since gen(M) = k, there is a s-filtration, (Dy; a0 < k),
of the module M. By induction, we define a mapping 1 : kK — K as follows.
First, n(0) = 0. If n(a) is defined, then either Extr(Dg/Dyqy, N) = 0 for all
B > n(a) and we put n(a + 1) = n(a) + 1, or there is a smallest n(a) < B < K
such that Extr(Dg/Dya), N) # 0 and we put n(a + 1) = 8. For « limit, we put
n(a) = supg<an(B). Then (Dyy;a < k) is a k-filtration of the module M. Let
E = {a < k; Extr(Dy(at1)/Dnay; N) # 0}. By 3.7, E is not stationary in . Let
C be a closed and cofinal subset of x with FENC =0 and 0 € C. Let 0 : k — C
be a strictly increasing continuous mapping of x onto C. For each o < &, put
Ca = Dpg(a)- Then (Cy;a < k) is a w-filtration of the module M satisfying (ii).

(i) = (i): We prove in ZFC. Denote by 7 the projection of I = I(N) onto
I/N. For a < k, let v, be the inclusion of C, into Cy41. By induction on o < k
we define mappings ¢, : Homgr(Cq,I/N) — Hompg(Cy,I) such that for each
f € Homp(Cqo,I/N), moo(f) = f, and ©o(fra) = ©a(f)Va provided § = a + 1.
For « = 0 put ¢, = 0. Let 0 < a < x and f € Homp(Cy41,I/N). Since Cpi1
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is projective, there is ¢ € Homp(Coy1,I) with f = mg. As gva — pa(fra) €
Hompg(Cy,N) and Extgr(Cat1/Ca, N) = 0, there is h € Homp(Cyt1,N) such
that hve = gva — Pa(fVa). We put vat1(f) = g — h. If « is limit, define ¢, =
Ug<awg. Then f = mp.(f), forall f € Hompg(Cy,I/N). Finally, put ¢ = Uy<x@a-
Then f = mp(f), for all f € Homp(Cy,I/N), and Extg(M,N)=0. O

Definition 3.9. Let M be a module and A > Ry. Assume that for some submodules
of M, sets called “bases” are given. If N is a submodule of M such that N has at
least one “basis”, we say that N is “free”. We introduce the following azioms:

(Az I) If N is a “free” submodule of M and F is a “basis” of N, then F is
a set of submodules of N, F is closed under unions of chains, and for each subset
A C N there is some F € F such that A C F and card(F) < card(A) + X.

(Az II) If N is a “free” submodule of M, F is a “basis” of N and C € F,
then F | C ={D € F;D C C} is a “basis” of C.

(Az III)  If N is a “free” submodule of M, C is an element of a “basis” of N,
and C has a “basis” G, then N has a “basis” F such that G =F | C.

(Az IV)  Suppose (Nu;a < A) is a smooth chain of “free” submodules of M, for
each a < X\ a “basis” F,, of N, is given so that a < B < X implies F, = F3 | Nq.
Then Ug<rxNy has a “basis” consisting of all sets of the form Uya<rCy, where
(Ca;a < ) is a chain of submodules of M, and C, € Fq for all a < A.

Now, we formulate the version of Shelah’s Compactness Theorem that we shall
need for Step III. Its proof, using game theoretic arguments, appears e.g. in [Ho,
§4] or [EM, Ch.IV]:

Theorem 3.10. Let R be a ring and M be a module such that card(M) =k is a
singular cardinal. Let A be an infinite cardinal such that card(R) < X < k. Assume
the azioms (Ax I) - (Az IV) from 3.8 hold, and every submodule of M of cardinality
< Kk 18 “free”. Then M is “free”.

Corollary 3.11. Let R be a ring and M be a module such that card(M) = k is
a singular cardinal. Assume that card(R) < k and M is k-projective. Then M is
projective.

Proof. We shall say that a submodule N of M is “free” provided there are a cardinal
1 and countably generated projective modules P, C N, o < u, such that N =
® > ey Po- Then the set F = {C;3A C p: C =@ 4 Pa} is called a “basis”
of the module N. Put A = card(R) x Rg. Then each countably generated projective
module has cardinality < A. It is easy to see that the notions in quotes satisfy
axioms (Ax I) - (Ax IV) of 3.9. On the other hand, Kaplansky’s structure theorem
for projective modules implies that a module is “free” iff it is projective. Hence,
the premise and 3.10 imply that M is projective. [

Combining Steps II and III, we obtain

Theorem 3.12. Assume V. Let R be a right hereditary ring with card(R) < Vj.
Let N be a module such that card(I(N)) < RNy. Assume that Extr(M,N) = 0
implies M is projective, for every countably generated module M. Then N is a
p-test module.

Proof. By induction on gen(M) = k, we prove that M is projective whenever M is
a module such that Fxtr(M, N) = 0. If kK < Ng, the assertion holds by the premise.
Let x be a regular uncountable cardinal. Since R is right hereditary, 3.8 implies
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M has a s-filtration (Cy;a < k) such that Extg(Cot1/Co, N) = 0 for all a < &.
By the induction premise, all the modules C,11/C,, a < k, are projective, whence
M = Uy« Cy is projective.

Let k be singular. Since R is right hereditary, M is k-projective, by the induction
premise. Now, 3.11 terminates the proof. [

For right hereditary rings, 2.8 shows that the existence of p-test modules implies
the existence of free p-test modules. This occurs under V:

Theorem 3.13. Assume V. Let R be a right hereditary ring.

(i) Let k = card(R) x Rg. Then each free module of rank > 2" is p-test.

(ii) Let X\ > Rg be a cardinal such that card(I(R™)) < X. Then each free module
of rank > X is p-test.

Proof. (i) First, we prove that card(I(R?"))) < 2%. Put M = R?"). Then there
is a chain of modules

M ~ Homg(R,M) C Homz(R,M) C Homz(R,D) =1,

where D is the divisible hull of the (right) Z-module M. Since R is a flat left
R-module, I is injective. Since card(D) = card(M) = 2, we infer that card(I) <
(2%)* = 2%. This proves card(I(R?"))) < 2%. Now, it suffices to show that

(ii) RW™ is p-test provided A is an infinite cardinal and card(I(R™)) < \. Assume
that M is a < A generated module such that Extr(M,RN) = 0. Let K be a
submodule of R such that M ~ R™ /K. By the premise, gen(K) < . Since R
is right hereditary, we infer that Extr(M,K) = 0, and M is projective by 1.2(i).
Now, starting from A, and using 3.8 and 3.11 for induction in regular and singular
cardinals, respectively, we obtain the claim. [

Stronger results hold true for the particular cases of Dedekind domains and of
von Neumann regular rings:

Theorem 3.14. Assume ¥. Let R be a Dedekind domain such that R is not a
complete discrete valuation ring, and card(R) < X;1. Then any non-zero free module
is p-test.

Proof. It suffices to prove that R is p-test. Denote by K the quotient field of R.
Then K is an injective module, R C K, and card(K) = card(R) < ¥N;. Hence, 3.1
and 3.12 show that R is a p-test module. O

Theorem 3.15. Assume V. Let R be a right hereditary von Neumann regular ring
such that card(I(R®0))) < X;. Then each free module of rank > Xq is p-test.

Proof. By 3.4 and 3.12, we have to prove that Extr(M,R®0)) = 0 implies M
is projective for each finitely generated module M. Let M ~ R /K. Since R
is regular, there are a cardinal x and elements 0 # z, € K, a < k, such that
K=a&) . .zaR.

Proving indirectly, assume x > Rg. Take a system of pairwise disjoint sets Ay, k <
Rg, such that card(Ay) = n for each k < N, and Rg = Ugr, Ai. For each k < Ny,
we identify R(™) with R(“4*) via an R-isomorphism vy. Define f € Hompg(K, R®0))
by f(za) = vVa(xa) provided o < g, and by f(z,) = 0 otherwise. Let g €
Hompg(R,R®)). Then I'm(g) C R for some m < N, and g | K # f. Then
Extr(M, R®)) = 0, a contradiction.

Hence, « is finite, and M is projective (as R is regular). O
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Lemma 3.16. Let R be a von Neumann reqular ring. Let N be a module and \
be a cardinal of cofinality w. Denote by m, the v-th canonical projection of M*
to M, v < X. Let {\g;k < No} be a cofinal subset of X\. For each k < N put
My = {m € M*;7,(m) = 0Vv > A}, and My = Upx,My. Let J be a countably
generated right ideal of R. Then Extr(R/J, M*/M),) = 0.

Proof. If J is finitely generated, then R/J is projective (as R is regular), and
the assertion is clear. If gen(J) = Vg, the regularity of R implies there is a set,
{en;n < No}, of orthogonal idempotents of R such that J = @© ) _ e.R. We
have to extend each p € Hompg(J, M* /M) to some ¢ € Homp(R, M*/M,). We
have p(ep) = (22.en; a0 < A)+ Ny for some 27 € N, n < Rg, a < A. For o < Ag, put
Yo = 0. If Ay < @ < Xpy1, put Yo =Y, p Th.€n. Define ¢ € Homp(R, M* /M)
by #(1) = (ya;@ < A). Since the idempotents e,,n < ¥y are orthogonal, we have
G1J=¢ O

Proposition 3.17. Assume ¥ and CH. Let R be a von Neumann regular ring such
that each right ideal is countably generated and card(R) < N;. Let N be a module
such that gen(N) < Ry. Assume that Extr(M, N) = 0 implies M is projective, for
every finitely generated module M. Then N is a p-test module.

Proof. First, we use 3.16 for A = Xy and A\, = n, n < Ng. Then Ny = N®o),
Put I = N /N®0) By Baer’s criterion and 3.16, I is injective. Denote by v the
mapping assigning each € N the coset of the constant sequence (z; k < Xg). Then
v is an embedding of N into I. Note that card(I) < R} = (2%)R0 = R;. So the
injective hull I(N) of N has cardinality at most N;. Finally, the regularity of R
and 3.4 show that we can apply 3.12. O

Corollary 3.18. Assume ¥ and CH. Let R be a von Neumann regular ring such
that each right ideal is countably generated and card(R) < N;. Then each free
module of rank > Vg is p-test.

Proof. Since card(R) < Ry, also card(I(R®))) < X;, and we use 3.15. 0

The main application of 3.17 is to the case when R is simple and of countable
dimension over its center:

Corollary 3.19. Assume ¥ and CH. Let R be a simple von Neumann regular ring
such that card(R) < Xy and dimg(R) < Rg, K being the center of R. Let N be
a non-zero module such that N is either (i) countably generated, or (i) projective,
or (iii) semisimple. Then N is a p-test module.

Proof. Part (i) follows from 3.2, 3.3 and 3.17. Parts (ii) and (iii) follow from the
fact that the respective modules possess non-zero cyclic summands. [

There is no analogue (in ZFC) to 3.13-9 for arbitrary non-right perfect rings:

Example 3.20. Let k be an uncountable cardinal, K be a skew-field and M be
a right linear K-space of dimension k over K. Let R be the ring of all linear
transformations of M. Then no module N with proj.dim(N) < 1 is p-test. In
particular, no free module is p-test.

Proof. Let {bs;a < Kk} be a basis of M. Define a system of idempotents {e,;a <
R;} of R as follows: eq(bg) = bg provided f < «, and e,(bg) = 0 otherwise.
Define a chain of right ideals of R by Iy = 0, Io41 = eqR, o < Xy, and by



ALGEBRA AND INFINITE COMBINATORICS 13

I, = Ugcqls provided « is a limit ordinal < ®;. Then (Ip;a < Ry) is an N;-
filtration of the right ideal I = Uy<n,lo. Since R is von Neumann regular, I,41
is a summand in Ig for all & < 3 < Ry. Hence, the set A = {a < Ny;{a < 4 <
Ri;I5/1, is not projective } is stationary in R;} contains all limit ordinals < Ny,
and A is a stationary subset of N;. By Eklof’s lemma and Kaplansky’s structure
theorem for projective modules, I is a non-projective right ideal of R.

We prove that Extp(R/I, R™N)) = 0 for each cardinal \. Let ¢ € Homg(I, R™W).
For each a < Ni, denote by F,, the smallest finite subset of A such that ¢(e,) €
R¥a). Then (F,;a < ®;) is a non-decreasing chain of finite subsets of A. Since
cf(Ry) > w, we infer that F' = Uy<x, Fy is a finite set, and I'm(¢) C RY). Since R
is right self-injective, there is some ¢ € Hompg(R, R(F)) such that ¢ [ I = ¢. Then
Extr(R/I,R™) =0, and R™ is not p-test.

Finally, by 2.7, no module N with proj.dim(N) <1 is p-test. O

§4 RINGS POSSESSING MANY TEST MODULES

By §1, we know that there is a proper class of i-test modules over any ring R. This
suggests the question of how close can Z7 be to Mod-R. Obviously, Z7 = Mod-R
if and only if R is semisimple. If R is not semisimple, then no projective module
is i-test. Thus, investigating the possible size of Z7, we start with the question
whether Z7 can contain all “small” non-projective modules.

Since similar observations apply to the dual case of the class P7, we arrive at
the following

Definition 4.1. Let R be a non-semisimple ring and « be a cardinal. Then Z7
(PT) is said to be k-saturated provided it contains all non-projective (non-injective)
modules M such that gen(M) < k. Moreover, Z7 (PT) is fully saturated , or
mazimal, provided it is k-saturated for each k.

Trivially, Z7 and P7 are always O-saturated. Also, k-saturated implies x'-
saturated for all k¥’ < k. Moreover, Z7 is maximal iff Z7 = Mod-R \ P. Similarly,
PT is maximal iff P7 = Mod-R \ Z. Since each of these conditions is equivalent
to the assertion “Fatr(M,N) # 0 whenever M is non-projective and N is non-
injective”, the two maximality conditions are equivalent.

Most of this section deals with the structure of rings R such that 77 is k-
saturated for kK = 1, Kk = Ry, and for all k. Our results show that even the condition
of Z7T being 1l-saturated imposes very strong restrictions on the structure of R.
That is, “almost” no R satifies this condition. By Baer’s criterion, this means that
for “almost” all rings R there exist right ideals I and J and a module N such that
J is not a summand of R, Extr(R/I,N) # 0, but Extgr(R/J,N) = 0.

Our first result says that if Z7 contains all cyclic non-projective modules, then
R has no uncountably generated right ideals:

Theorem 4.2. Let R be a ring such that Z7 is 1-saturated. Then each right ideal
is countably gemerated. Moreover, either

(i) R is right noetherian (i.e. each right ideal is finitely generated),  or

(i) R is von Neumann regular.

Proof. (i) Assume R is not von Neumann regular. Then there is a principal right
ideal rR which is not a summand in R. Let (I,;a < k) be any system of injective
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modules. Put M = @©>  _. 1I,. We show that M is injective. First, we prove
that Extr(R/rR,M) = 0. Let ¢ € Hompr(rR,M). Then there is a finite set
F C & such that Im(¢) C ® ) cpla = Mp. Since Mp is injective, there is some
¢ € Hompg(R, M) such that ¢ | 7R = ¢. Thus, Extr(R/rR,M) = 0. Since R/rR
is an i-test module, M is injective. Hence, a direct sum of any system of injective
right modules is injective, and (i) holds.

(ii) Assume R is von Neumann regular, but not right noetherian. Then R is not
semisimple and there is an infinite set, {e,;n < Rg}, of orthogonal idempotents in
R. Put J =@, y, enft and M = R/J. Then J is projective and M is a cyclic
non-projective module.

Let I be an injective module and K be a submodule of I. Put N = I/K. Since
the sequence 0 — J — R — M — 0 is exact, we have

0 = Extp(J,K) — Exth(M,K) — Exth(R,K) =0,
and Ext% (M, K) = 0. Since the sequence 0 — K — I — N — 0 is exact, we have
0= Extgr(M,I) — Extgr(M,N) — Exth(M,K) = 0,

and Extr(M,N) = 0. As M is i-test, we infer that N = I/K is injective. This
proves that any factor module of an injective module is injective, and R is right
hereditary.
Now, we shall show that each right ideal is countably generated. On the contrary,
assume there is a right ideal I such that gen(I) > Rg. Since R is right hereditary,
I'=®3 .. 2oR for an uncountable cardinal x and some 0 # z, € R, a < k. Put
J =8\ on, Tall
Let M be a non-injective module. Let H = Hompg (I, M). Put \g = card(H), i.e.
H = {hg; 8 < \o}. By induction, define \,+1 = A}, n < Ro. Put A = supp<nyAn-
Then \ has cofinality w. By 3.16, Extg(R/J, M*/My) = 0. Since R/J is a cyclic
non-projective module, M* /M), is injective, and Extr(R/I, M*/M)) = 0. For each
v < A, denote by 7, the projection of M* onto M. Define f € Homg(I, M*/M,)
by f(za) = ma + My, a < k, where m,, € M? is defined by

7Ty (Me) = hy(x4) provided v < Ag;

Tu(ma) = hg(zy) provided v = A, + 3, B < Ao, n < Ro;

7y (Mq) = 0 otherwise.
Since Extr(R/I, M*/M)) = 0, there is a g € Homg(R, M*/M,) such that g | [ =
f. Hence, there is some y € M?* such that y.x, — ma € My, for all @ < k. For
n < Vo, put A, = {a < K;y.xq —my € My}. Then A, C A, 41 for all n < R,
and k£ = Up<yy,An. Clearly, there is a p < Ny such that card(A,) > RNg. Then
T (Y Zo —me) =0 for all A, <v < Xand all a € 4,.
Put K = @ZaeAp zoR. We shall prove that Fxtr(R/K,M) = 0, i.e. that
any h € Homg(K, M) extends into some h' € Hompg(R, M). First, there is some
B < Ag such that hg | K = h. Put vy = Ap+6. Then h(zo) = 7y (Ma) = Ty (Y.24)
for all @ € A,. Define b’ € Homg(R, M) by /(1) = 7y, (y). Then b/ | K = h, and
Extgr(R/K,M) = 0. Since R/K is a cyclic non-projective module, we infer that
M is injective, a contradiction. [J

We turn to the case when Z7 contains all countably generated non-projective
modules:
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Theorem 4.3. Let R be a ring such that T7T is Ng-saturated. Then either
(i) R is right artinian,  or
(i) R is von Neumann regular and each right ideal of R is countably generated.

Proof. Assume that R is not von Neumann regular. Proving indirectly, we show
that R is right perfect: otherwise, there exist elements a; € R,7 < Ng, such that
(Ra; . ..ap;1 < Ng) is a strictly decreasing chain of principal left ideals of R. Let
1,, i < Ro be the canonical basis of the free module ' = R®0) and let G =
Zz‘<x0(1i —1,41-a;,)RC F. Put M = F/G. By Bass’ lemma, M is a countably
generated flat module, but M is not projective. Since R is not von Neumann
regular, there exists a non-flat left R-module N. Let C' be an injective cogenerator
for Mod-Z. Since Torg(M,N) = 0, we have ([CaEi,IV,Proposition 5.1])

Extr(M, Homz(N,C)) ~ Homgz(Torr(M,N),C) = 0.

Since N is not flat in R-Mod and C is a cogenerator for Mod-Z, Homz(N,C) is
not injective. Hence, M is not i-test, a contradiction. Therefore, R is right perfect
and right noetherian, by 4.2. Thus, R is right artinian, and (i) holds.

If R is von Neumann regular, then 4.2 gives (ii). O

Now, we pause to present the “rare” examples of rings possesing many test
modules. The first one is an artinian non-singular ring such that Z7 (and PT) is
maximal.

Example 4.4. Let K be a skew-field. Denote by R = UT»(K) the ring of all upper
triangular 2 X 2 matrices over K. Then R is a (left and right) artinian and (left
and right) non-singular ring, and ZT and PT are fully saturated.

Proof. R is well-known to be artinian and hereditary. Denote by e and f the
orthogonal idempotents of R such that egg = f11 = 1, and all other entries in e
and f are zero. Then Jy = eR/Soc(eR) and J; = fR are - upto isomorphism -
the only simple modules. Moreover, Jj is injective, and eR ~ I(J;). Let M be any
module. There exist cardinals x and A such that Soc(M) ~ Jé””’ S Jl()‘). Since J(g”)
is injective, there are submodules N and P in M such that M = N® P, P ~ Jéﬁ)
and Soc(N) ~ Jl(k). Then I(N) =~ (eR)™ is projective, and so is N. Since {e, f}
is a complete basic set of idempotents of R, there are cardinals p and v such that
N ~ Jl(“) @ (eR)™). Hence, M is isomorphic to a direct sum of direct powers of
the modules Jy, J; and eR. If M is non-projective and non-injective, then the

direct power of Jy, and of Jy, respectively, is non-zero in this decomposition. Since
Extr(Jo, J1) # 0, the assertion holds true. O

Our second example is again a ring such that Z7 is maximal:

Example 4.5. Let R be a commutative local principal ideal ring. Then I7T and
PT are fully saturated.

Proof. It is well-known that each module is a direct sum of cyclic modules, and the
ideals of R form a chain

0=2m"RCa2™'RC--C2R= Rad(R) CR,

where z is a generator of Rad(R) (see [FuS]). Since Soc(R) is simple, R is a QF-ring.
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Hence, we have to prove that Extgr(R/x'R,R/2/R) # 0 for all 0 < i,j < m.
Define f € Homg(2'R, R/27R) by f(2') = 1+ 2R provided i + j < m, and by
f(a?t) = 2"t~ + 29 R otherwise. Then f # g | 2'R, for all g € Homg(R, R/2/ R).
This proves that Extr(R/2‘R, R/2/R) # 0. O

The ring R from the previous example is an artinian valuation ring. Also noe-
therian valuation domains possess many i-test modules:

Example 4.6. Let R be a noetherian valuation domain which is not a field. Then
IT is n-saturated for each n < Vg, but it is not Rg-saturated.

Proof. Since R is an almost maximal valuation domain, each finitely generated
module is a direct sum of cyclic modules ([FuS]). Hence, it suffices to prove that
each cyclic non-projective module is i-test. By the premise, the ideals of R form a
chain

0=Npen,2"RC---Ca""RCa2"RC...2°R C 2R = Rad(R) C R.

Let N be amodule. Assume there is some 0 < n < Rg such that Extr(R/z"R,N) =
0. Since Ann(z™) = 0, each element of N is divisible by z". Then each element
of N is divisible by 2™ and Exztr(R/x™R,N) =0, for all 0 < m < Ry. By Baer’s
criterion, N is injective. Since R is not right artinian, the last assertion follows
from 4.3. O

Note that 4.6 shows that 4.2 and 4.3 apply to different classes of rings. Another
example of this fact is

Example 4.7. Let K be a universal differential field of characteristic 0 with dif-
ferentiation D (i.e. char(K) = 0; for each n < Y, each polynomial equation in
indeterminates g = x, r1 = D(z), ..., 1,1 = D" 1(x) has a solution in K;
and each homogenous linear D-differential equation has a non-trivial solution in
K). Denote by R = K|y, D] the ring of all differential polynomials in one inde-
terminate y over K (i.e. the elements of R are polynomials from K[y| with usual
addition, and with multiplication given by the identity ya = ay + D(a) and its
consequences). Then IT is n-saturated for each n < Ng, but it is not No-saturated.

Proof. We shall need several well-known properties of R (proved in [Fal], [CzFa] and
[K]): first, R is a simple non-commutative principal right ideal domain. Moreover,
all simple modules are isomorphic to a simple module J, and J is injective. Let K
be a right ideal of R. Since R has a right division algorithm, R/K is a semisimple
module. Let @ be the right skew field of quotients of R. Then @ is an injective
module. Since R is right noetherian, each injective module is isomorphic to a direct
sum of copies of @ and J. In particular I(N)/N is isomorphic to a direct power of
J for each module N. If F is a finitely generated module with Soc(F) = 0, then F
is flat, whence F is free.

Now, we prove that each finitely generated non-projective module F' is i-test: As-
sume Extr(F,M) = 0 for a module M. Note that F' = Soc(F') & G, where G is
finitely generated and Soc(G) = 0. Hence G is free, and Soc(F) # 0. Similarly,
M = Soc(M) @ N, where Soc(N) =0 and I(N) ~ Q™ for a cardinal x. W.Lo.g.,
we can assume that N # 0. We have Extr(J,N) = 0 and Homg(J,Q")) = 0.
Then also Hompg(J,I(N)/N) = 0. Since I(N)/N is isomorphic to a direct power
of J, we infer that N = I(N).
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The last assertion is a consequence of 4.3. [

In fact, the proof of the last assertions of 4.6 and 4.7 is constructive. Taking the
module M = F/G as in the proof of 4.3, we obtain a particular countably generated
non-projective module which is not i-test.

Now, we proceed with the structure theory and show that the “rare” examples
of 4.4-4.7 are in a sense typical. First, we have

Lemma 4.8. Let R be a ring such that 7T is 1-saturated. Then all non-projective
sitmple modules are isomorphic.

Proof. Let J be a non-projective simple module and N be a non-injective module.
By the premise, Extr(J,N) # 0, and Hompg(J,I(N)/N) # 0. Hence, the module
I(N)/N has a (transfinite) composition series with factors isomorphic to J. Since
N was arbitrary, all non-projective simple modules are isomorphic to J. [

The following theorem shows that we can restrict our investigation to indecom-
posable rings:

Theorem 4.9. Let k be a cardinal. Let R be a ring such that T7 is k-saturated

(fully saturated). Then either

(i) R is an indecomposable ring;  or

(ii) R = R'BR", where R" is a semisimple ring and R’ is an indecomposable ring

such that the class of all i-test right R'-modules is k-saturated (fully saturated).
On the other hand, if R = R'B R’ and R', R” are as in (ii), then IT is

k-saturated (fully saturated).

Proof. First, note that for any decomposition R’ H R" of the ring R, either R’ or
R” is semisimple. Indeed, taking any non-projective simple right R’-module M and
any non-injective right R”-module N, we have Fxtr(M, N) = 0, a contradiction.
Let B be a representative set of all projective simple modules (possibly, B = ().
Let J be a simple non-projective module. By 4.8, A = BU {J} is a representative
set of all simple modules. Let C and D be two disjoint subsets of A. Denote by I~
and Ip the trace of C' and of D, respectively, in R. Then I and Ip are two-sided
ideals of R. Moreover, Hompg(I¢c,Ip) =0, and Extr(R/Ic,Ip) = 0. Hence, either
I is a summand of R, or Ip is injective (and a summand of R).

Assume C' and D are two infinite disjoint subsets of A. Then neither Io nor Ip is
finitely generated, a contradiction. Hence, A is finite. This implies that either R is
indecomposable, or R has a decomposition R = R’ H R”, where R” is semisimple
and R’ is indecomposable. The final assertion follows from the fact that

Eatp(M,N) ~ Extp (MR ,NR') @ Extg:(MR"',NR")

whenever M, N € Mod-R. O

Proposition 4.10. Let R be an indecomposable ring such that Z7T is 1-saturated.
Clearly, either (1) all simple modules are isomorphic, or  (II) there are at least
two non-isomorphic simple modules.
In the case (I), either

(Ia) R is isomorphic to a full matriz ring over a local right artinian ring,

or

(Ib) R is a simple ring such that each right ideal is countably generated,
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or
(Ic) R is right noetherian, right non-singular and non-right perfect,
and 0 = Soc(R) C Rad(R).
In the case (II), R is right semiartinian and right hereditary and, upto isomorphism,
there exist two simple modules J and P. Moreover, J is Y-injective and non-
projective and P is projective.

Proof. Take a simple non-projective module J. If B is a representative set of all
non-projective modules, then A = B U {J} is a representative set of all simple
modules by 4.8. For C' C A, denote by I¢ the trace of C in R. We distinguish the
following cases:

(Ia) B =0 and Iy # 0. Then R is not von Neumann regular, and R is right
noetherian by 4.2. Since J embeds into R, we have Soc(R) = I; # 0. Moreover,
it Soc(R/Soc(R)) = 0, then Hompg(I;, N) = 0 for any submodule N of R/Soc(R).
Hence, Extr(R/1;,N) =0, N is injective, and R/Soc(R) is completely reducible, a
contradiction. Similarly, it follows that R has a (finite) socle sequence, and R is right
artinian. This implies that R ~ (eR)(™ for some n < Ry and some indecomposable
idempotent e € R. Then R ~ Homg((eR)™, (eR)™) ~ M, (eRe), where eRe is a
local right artinian ring.

(Ib) B=0, I; =0 and Rad(R) = 0. Let I # R be a two-sided ideal of R. Let
M be a maximal right ideal containing I. Then J ~ R/M and I.J = 0. Since
Rad(R) = 0, we have Ann(J) = 0 and I = 0. Hence, R is a simple ring,.

(Ie) B =0, I; = 0 and Rad(R) # 0. By 4.2, R is right noetherian. Also
Soc(R) = Iy = 0. Assume R is right perfect. Then R is right artinian and
Soc(R) = 0, a contradiction. Further, assume Sing(R) # 0. Take 0 # r €
R such that K = Ann(r) < R. Then R/K ~ rR is a submodule of I(K)/K.
Since Extgr(J, K) # 0, also Homp(J,I(K)/K) # 0, and I(K)/K has a transfinite
composition series with factors isomorphic to J. In particular, J embeds into
R/K ~rR C R, a contradiction. Hence, R is right non-singular.

(IT) B # @. Then Ig # 0. Since Homg(Ip,I;) = 0 and R is indecomposable,
we infer that Fatr(R/Ig,I;) =0 and I; = 0. Take P € B and put C = B\ {P}.
Similarly, we get Ic = 0, i.e. C = and A = {P, J}. Take a cardinal x and consider
the module N = J*). Since Homg(Ip, N) = 0, we have Extgr(R/Ip, N) = 0, and
N is injective.

Let M be an arbitrary module. Denote by Mp the trace of P in M. Let N be a
submodule of M/Mp. Since Homg(Ip, N) = 0 we have Extr(R/Ip,N) =0, N is
injective and M/Mp is semisimple. Hence, M /Mp is isomorphic to a direct power
of J. In particular, R is right semiartinian.

Proving indirectly, assume R is not right hereditary. Then there are an injective
module I and a submodule K of I such that N = I/K is not injective. Put
M = R/Ip. Since the sequence 0 — Ip — R — M — 0 is exact and Ip is
projective, we get 0 = Extp(Ip,K) — FExtih(M,K) — Ext%(R,K) = 0, and
Ext%(M,K) = 0. Since the sequence 0 — K — I — N — 0 is exact, we have
0= Extr(M,I) — Extg(M,N) — Ext%h(M,K) =0, and Extg(M, N) = 0. Then
M is not i-test, a contradiction. [

Note that all the possibilities from 4.10 do occur: (Ia) in Example 4.5, (Ib) in
4.7, (Ic) in 4.6, and (II) in 4.4.

Using more involved arguments, we shall obtain a better characterization of rings
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of type (II). As a first step, we have
Lemma 4.11. Any ring of type (II) is right artinian.

Proof. Since R is right semiartinian and 4.2 holds, it suffices to prove that R is not
von Neumann regular. On the contrary, assume R is von Neumann regular. By
4.10(11), R/Ip ~ J™ for some n < X,. Hence, R = R/Ip is a simple artinian ring
and there is a complete set of orthogonal idempotents {&, . ..,&,_1} C R such that
;R is a minimal right ideal of R for all i < n. Since R is von Neumann regular,
this set can be lifted modulo Ip into a complete set of orthogonal idempotents,
{eo,...,en—1}, of the ring R so that e; + Ip = &; for all i < n. Since R is not
semisimple, dim(Soc(R)) = dim(Ip) = & for some £ > Ry. Hence, Soc(R) =
© ), cn Soc(e;R) and there is some e = e; such that dim(Soc(eR)) = k. Since R is
von Neumann regular, there are a complete decomposition @& sa R of Soc(R)
and a subset A C k such that

(1) 0 € A, card(A) =

(2) f =sp is an 1dempotent of R such that efe = f,

(3) Soc((e = f)R) = & X qea,ax0 5ok, and

(4) Soc((1 —€e)R) = @3 ¢4 SaR.
By 4.10(I1), Soc(R) < R and s, R ~ P for all @ < k. Hence, there is a canonical
ring isomorphism ¢ : Endg(Soc(R)) ~ CFM.(K), where K = Endg(P). Since
R is right non-singular, the canonical mapping ¢ : Endr(I(R)) — Endr(Soc(R))
defined by ¢(x) = x | Soc(R) is a ring isomorphism. Denote by @ the maximal
right quotient ring of R. Then Q = I(R) (as modules), and the canonical mapping
¥ Q — Endr(I(R)) given by h(q)(1) = (1)q is a ring isomorphism.
W.lo.g., we can view R as a submodule of (). Moreover, since m = ¢p1) is a ring
isomorphism, we can identify @ with CFM,(K), whence R becomes a subring of
CFM(K). By (2), (3) and (4), m = m(e) is a matrix such that m,, = 1 provided
a € A, and myg = 0 otherwise. If s € Soc(R), then ¢(¢s)(1) = (1)(gs) = ((1)g)s =
(s)g = s’ € Soc(R), whence 1(gs) = ¥(s') for all ¢ € Q. Thus, Soc(R) is a left
ideal of the ring CF M, (K). Moreover, if s € Soc(R), s = Y, cp SaTa for a finite
set F' C &, then m(s) is a matrix which is zero in any row indexed by o € x \ F.
Since 7(s) is also column finite, it has only finitely many non-zero entries. Further,
by (2), (7(f))oo = 1 and (7(f))ap = 0 otherwise. Define {f,,n < Ro} C Q by
fo=1f,and (fn)no =1, (fn)as = 0 otherwise, for 0 < n < Ny. Since Soc(R) is a
left ideal of @, we infer that f,, € Soc(R) for all n < V.
We shall construct a cyclic non-projective module M which is not i-test: Consider
the right ideal I = @),y cven (fn — fut1)R. Since I is not finitely generated,
M = R/I is not projective.
It remains to construct a non-injective module N such that Exztr(M,N) = 0.
Let A = card((eRe + Soc(R))/Soc(R)). Then (eRe + Soc(R))/Soc(R) = {rg +
Soc(R), 3 < A} for some 73 € eRe, < A, and rg = 0. Put L = Q™) and denote by
73, B < A, the 8-th projection of L onto (). Note that Soc(L) = (Soc(R)M <L <
I(L), and I(L)/Soc(L) is a completely reducible module. W.l.o.g., we shall view Q
as a submodule of L consisting of all [ € L such that mg(l) =0 for all 0 < 8 < A.
Consider the matrix g € @) defined by ¢; i+1 = ¢i+1,; = 1 provided i < Ry, ¢ even,
and by ¢, = 0 otherwise. Note that ¢ = ege and e + ¢ ¢ Soc(R), as e + ¢ has
infinitely many non-zero entries. Moreover, take r € R such that (e+¢)r € Soc(R).
Then (e +q)ere € Soc(R). Assume (eRe)r € Soc(R). Then (er’e)(ere) = e+ s, for
some 1’ € R and s € Soc(R). Since éRe ~ Endg(éR) ~ Endg(J) is a skew-field,

a<k
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also (ere)(er’e) = e+ s for some s’ € Soc(R), whence e+q = (e+q)(erer'e—s') €
Soc(R), a contradiction. This implies that there exists a maximal submodule N
of I(L) such that Soc(L) C N, e ¢ N, and g3 € N for all 0 < 8 < A. Here, gg
denotes the element of L defined by mo(gs) = rs, m3(rg) = e+ ¢, and 7z (rg) = 0
otherwise. Since N # I(L) and Soc(L) < N < I(L), N is not injective.

Finally, let ¢ € Hompg(I, N). Then there is some x € I(L) with ze(f, — fn+1) =
¢(fr — fng1) for all n < Ng. Since N is a maximal submodule of I(L), we have
eR+ N =I(L), and = er + y for some r € R and y € N. Then ere = rg for
some B < A. If rg # 0 (i.e. if > 0), then r3(fn — fnt+1) = ¢3(fn — frnt1), whence
(a8 —ye)(fn — fa+1) = ze(fn — fat1) = &(fn — fut1). Define ¢ € Homp(R, N) by
(1) = gg + ye provided 3 > 0, and by ¢(1) = ye otherwise. Then ¢ [ I = ¢, and
Extr(R/I,N)=0. O

Now, we introduce a class of rings which plays a crucial role in characterizing
rings of type (II):

Definition 4.12. Let 0 < m < Ny. Let S and T be skew-fields such that T is a
subring of M,,(S). Denote by ~ the mapping from M,,1(S) to M,,(S) defined by
(a7)ij = a5 for all a € M,,,11(S) and i,j < m. Define R = UT(m, S,T) as the
subring of M,,,11(S) consisting of all matrices a € M,,+1(S) satisfying

(1) am; =0 for all i <m, and

(2)a” e€T.

Note that the rings UT(m, S, T) include the following important particular cases:
(1) upper triangular matrix rings of degree two over skew-fields (as UT(1, K, K) =
UT,(K) for any skew-field K);

(2) the rings UT(1,S,T) where T is a skew field which is a proper subring of the
skew-field S (this example, in the particular case when S is a quadratic extension
of T, will be essential in §5);

(3) the rings UT'(m, S,T) for which m > 1, S is commutative, and the skew-field
T contains a copy of S (for example, if C is the field of all complex numbers, H the
skew-field of all quaternions and ¢ the canonical ring embedding of H into Ms(C),
then UT(2,C, ¢(H)) is a subring of M3(C)).

Basic properties of the rings UT(m, S,T) can easily be described:

Lemma 4.13. Let R = UT(m,S,T). For each i < m, denote by e; the matriz
from R defined by (e;)im = 1 and (e;)jx = 0 otherwise. Pute = e, f=1—e¢,
P =¢eR and J = R/Soc(R).

(i) If I is a proper right ideal of R, then either [ = fR or I C @&
(ii) Soc(R) = © ), .,, eiR and Rad(R) = &), eiR.

(iii) The mapping ¢ : R/Soc(R) — T defined by ¥(r + Soc(R)) = r~ is a ring
isomorphism.

(iv) R is an indecomposable right hereditary right artinian basic ring. The set
{e, f} is a complete basic set of idempotents of R.

(v) {P, J} is a representative set of all simple modules. Moreover, P is projective,
but not injective, while J is Y -injective, but not projective.

(vi) I(R) = Mp4+1(S), and the mazimal right quotient ring of R is isomorphic to
M, 11(S).

eiR.

i<m

Proof. By easy matrix computations. [

As a further step of the characterization, we have
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Theorem 4.14. Any ring of type (II) is Morita equivalent to some UT(m, S, T).

Proof. Let R be a ring of type (II). By 4.10(1I), we have 0 C Rad(R) C Soc(R) =
Ip, where P is (upto isomorphism) the only projective module. Moreover, by 4.11,
there is a complete orthogonal set, {eo, ..., ek, €, ..., e}, of primitive idempotents
of R such that P = ¢;R for all i < k and €} R = ¢}, R for all j,j" < 1. By 4.10(1I),
Soc(R) = P™ for some k < n < Ny, and R/Soc(R) is a simple artinian ring.
Put S = Endg(P). Then S is a skew-field. Let R’ be the basic ring of R. Since
R is Morita equivalent to R’, it suffices to show that R’ is ismorphic to some
ur(m,S,T).

Clearly, R’ = (e+ f)R(e+ f), where e = eg and f = e, and {e, f} is a basic set of
primitive idempotents of R’. Let m = dim(Soc(fR’)). The same argument as in the
proof of 4.10(II) shows that R’ is (canonically isomorphic to) a subring of the full
matrix ring Q = M,,+1(S) so that ey, =1, and ej;; = 0 otherwise. Moreover, as
in the proof of 4.10(II), we see that Soc(R') is a left ideal of Q. In particular, each of
the matrices x;, i < m, defined by (z;)in = 1 and by (z;);;» = 0 otherwise, belongs
to R'. Put X = {qg € Q;¢;; =0foralli <mand j < m}. Then X C Soc(R').
Since f is a primitive idempotent, we have Rad(R') = Rad(fR') = Soc(fR').
Hence, z; € Rad(R’) for each i < m. Since Rad(R’).Soc(R') C Rad(Soc(R')) = 0,
we have X = Soc(R'). In particular, for each » € R’ and each ¢ < m, we have
x;r € Soc(R'), whence r,; = 0 for all i < m. If ¢ € Q, define ¢= € M, (S)
as in 4.12. Let T = {¢ ;¢ € R}. Then T is a subring of M,,(S) such that
T > R'/Soc(R') = fR'/Rad(fR') is a skew-field. By 4.12, R" =2 UT(m,S,T). O

The rings Morita equivalent to UT (m, S, T) are completely characterized as cer-
tain block upper triangular matrix rings:

Theorem 4.15. Let R = UT(m,S,T). A ring R is Morita equivalent to R if
and only if there are 0 < n < Ny and 0 < p < Ny such that R is isomorphic

to a subring of My, nyp(S) consisting of all matrices of the form (‘3 g), where
Ae Mn(T) - an(s)y B e MnL.nXp(S) and C & Mp(S)

Proof. By a direct matrix computation, using the fact that R is Morita equivalent

to R iff there are 0 < ¢ < Ny and an idempotent matrix e € M,(R) such that

M,(R)eMy(R) = M,(R) and R = eM,(R)e. O

In general, we do not know which of the matrix rings from 4.15 are of type (II).
Nevertheless, we have a complete answer for the most important cases of 4.12(1)-
(3)-
First, recall that the property of Z7 being k-saturated is preserved by adding a

semisimple ring to R (see 4.9). The following lemma shows that this property is
also preserved by Morita equivalence:

Lemma 4.16. Let A be an infinite cardinal. Let R be a ring such that T is k-
saturated for all Kk < A (ful_ly saturated). Let R be Morita equivalent to R. Then
the class of all i-test right R-modules is k-saturated for all kK < X (fully saturated).

Proof. This follows from 4.1 and from the fact that the property “to be x-generated”
is Morita invariant for each x > Ny. [0

Putting together 4.4 and 4.16, we obtain an answer for the case 4.12(1):
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Example 4.17. Let S be a skew-field. Let R be a ring Morita equivalent to UT»(S).
Then R is isomorphic to the ring from 4.16, withm =1 and T = S. Moreover, the
classes T and PT are fully saturated. In particular, R is of type (II).

Now, we turn to the case 4.12(2):

Example 4.18. Let S and T be skew-fields such that T is a subring of S. Then
the ring R=UT(1,5,T) 1is of type (II).

Proof. Let M be a cyclic non-projective module and let N be a module such that
Extr(M,N) = 0. We shall prove that N is injective.

In view of 4.13(iv), w.l.o.g. we assume that M is indecomposable and that M has a
projective cover. By 4.13(i) and (ii), this implies that M = fR/Rad(R) = J. Put
r= (g é) € R. Then 7R = Rad(R). By 4.13(v), w.l.o.g. we assume that the trace
of J in N is 0. Hence, there is a cardinal x > 0 such that

P 2 {(04);d € CFMya(8)} = Soe(N) € N € I(N) =
={(aa);d, d e CFM,x1(S)}.

Take an arbitrary a € CFM,x1(S). Define ¢ € Hompg(Rad(R),N) by ¢(r) =
(0a). Since Extr(M,N) =0, ¢ extends to some ¢ € Hompg(fR, N), i.e. there is
some x € N with zf = f and xr = ¢(r). This implies that 2 = (a 0). Since a was
arbitrary, we infer that that N = I(N), i.e. N is injective. [

On the other hand, the rings from 4.12(3) are never of type (II):

Proposition 4.19. Let R =UT(m,S,T) and assume that m > 1, S is commuta-
tive and T contains a copy of S. Then there is a non-projective cyclic module M
which is not i-test.

Proof. We shall use the notation of 4.13. Put M = fR/rR, where r € Rad(R) is
defined by 7¢,,, = 1, and r;; = 0 otherwise. Since r € Rad(fR), M is not projective.
Let X be a maximal right T-subspace of the right T-space M,,(S). Denote by Nx
the submodule of @ = M,,1(S5) consisting of all matrices n € @ such that n= € X
and n,,; = 0 for all i < m. Then Ny is a maximal submodule of the injective
module @ and Soc(Nx) = Soc(Q). In particular, Nx is not injective.

Put A = M,,«1(S) and take r’ € A such that ry, = 1, and 7}, = 0 otherwise. First,
assume T.r' = A. Take any maximal right T-subspace X of M,,(S) such that
T C X. Then any homomorphism from rR to Nx extends to a homomorphism
from fR to Nx, whence Extr(M, Nx) = 0. Now, assume B=T.7' C A,i.e. Bisa
proper left T-subspace of A. Since T' contains a copy of S and S is commutative, B
is also a proper (left, right) S-subspace of A. Hence, there is some 0 # y € M,,(S)
with y.B = 0. Take a maximal right T-submodule X of M,,,(S) such that X ®yT =
M, (S) in Mod-T. Then A = M,,(S).r' = (X ®yT).r' = X' +y.B = X.r'. This
implies that any homomorphism from rR to Nx extends to a homomorphism from
fRto Nx, and Extgr(M,Nx)=0. O

We sum up our results for the case when Z7 is 1-saturated. To simplify notation,
we shall write R = R'(BR") to denote that either R = R’ or R= R HR":
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Theorem 4.20. Let R be a ring such that Z7T is 1-saturated. Then R = R'(BHR"),
where R"” is a semisimple ring and R’ is an indecomposable ring such that each
cyclic non-projective right R'-module is i-test. Moreover, either
(1) all simple right R'-modules are isomorphic and either
(Ia) R’ is isomorphic to a full matriz ring over a local right artinian ring, or
(Ib) R’ is a simple ring such that each right ideal is countably generated, or
(Ic) R’ is right noetherian, right non-singular and non-right perfect,
and 0 = Soc(R') C Rad(R'),
or
(II) R’ is Morita equivalent to some UT(m, S, T).

Proof. By 4.9, 4.10 and 4.14. O

Before proceeding with the structure of rings such that 77 is Ny-saturated, we
consider the case of R = UT(m, S, T):

Lemma 4.21. Let R=UT(m,S,T). Then IT is 2-saturated if and only if m =1
and T =S (i.e. if and only if R =UTx(S5)).

Proof. The “if” part was proved in 4.4. For the “only if” part, assume that T" #
M,,,(S). We shall construct a non-projective 2-generated module M and a non-
injective module N such that Extr(M,N) = 0.

We use the notation of 4.13. Since T' # M,,(.5), there is a basis, {bs;a < K}, of the
right T-module M,,(S) such that by = 1 and x > 1. Put M = (fR)? /gR, where
9 = (90, 91) € Soc((fR)®) is such that (go)im = (b0)i,m—1 and (g1)im = (b1)i,m—1
for all i < m. Since Soc(fR) = Rad(fR) << fR, also gR << (fR)®). Hence, M
is a non-projective 2-generated module.

For each a < K, take ¢, € I(R)/Soc(R) such that ¢, = do + Soc(R) for some
do € I(R) and (do)”™ = by, dg = 1. Put T = R/Soc(R) and let 0 = card(T),
ie. T = {tg; 8 < o}. By 4.13(iii), T = T is a skew-field. Clearly, {co;a < k} is
a right T-independent subset of I(R)/Soc(R). By 4.13(vi), there are some A > &
and ¢, € I(R)/Soc(R), k < a < A, such that {c,;a < A} is a right T-basis of
I(R)/Soc(R).

Put I = I(R)1*) = CEMn41)(110)x (m+1)(S). We identify I(R) with the first
summand of I. By 4.13(ii), Soc(I) = Soc(R(*)) consists exactly of those elements
of I whose i-th column is zero for each ¢ < m. Moreover, Soc(I) < I, I/Soc(I)
is isomorphic to a direct power of J, and I/Soc(I) is a right T-module. For each
v < 140, denote by v, the y-th canonical embedding of I(R)/Soc(R) into I/Soc(I).
Put A = {vyca;1 <y <1l+o,a < \a#1}U{vcotg + viyger; 3 < o}, Then
A is a right T-independent subset of I/Soc(I). In particular, there is a maximal
submodule N of I such that Soc(N) = Soc(I) C N C I, vocg ¢ N/Soc(I) and
A C N/Soc(I). Since N 9 I and N # I, N is not injective. Note that p(N) @
p(R) = 1/Soc(I) in Mod-T, p: I — I/Soc(I) being the projection.

We shall prove that Extgr(M,N) = 0. Denote by 7 : I — I/N the projection.
Then Extr(M,N) = Homp(M,I/N)/Im(Homgr(M,)). Take an arbitrary ¢ €
Hompg(M,I/N). We have to find a ¢ € Hompg(M, I') such that ¢ = mp. Of course,
o((f,0) + gR) = zo + N and ¢((0, f) + gR) = z1 + N for some zg,z1 € I such
that xogo + z191 € Soc(N). By the choice of A and N, we have p(N) + p(N.dy) 2
p(R), whence N + N.d; = I. In particular, there exist ng,n; € N such that
nogo + n1g1 = Togo + r1g1. Define ¢ € Hompr(M,I) by o((f,0) + gR) = xo — ng
and ¢((0, f)+gR) = x1 —ny. Then mp = ¢. This proves that Fxtr(M,N) =0. O
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Theorem 4.22. Let R be a ring such that IT is Ng-saturated. Then R = R'(HR"),
where R"” is a semisimple ring and R’ is an indecomposable ring such that each
countably generated non-projective right R'-module is i-test. Moreover, either
(Ia) R’ is isomorphic to a full matriz ring over a local right artinian ring,  or
(Ib) R’ is a simple von Neumann reqular ring such that all right ideals are count-
ably generated and all simple right R'-modules are isomorphic, or

(II) R’ is Morita equivalent to UT5(S) for a skew-field S.
Proof. By 4.3, 4.16, 4.20 and 4.21. [

Corollary 4.23. Let R be a right non-singular ring such that R is not von Neu-
mann reqular. Then the following conditions are equivalent:

(i) IT is Wg-saturated,

(i1) IT is fully saturated,

(iii) PT is fully saturated,

(iv) R = R'(BR"), where R" is a semisimple ring and there is a skew-field S such
that R’ is Morita equivalent to UTz(S).

Though 4.22-3 provide a complete characterization in the type (II) case, the type
(I) case is still open. For example, so far, no examples of von Neumann regular
rings satisfying the condition (Ib) are known. There are surely no examples of size
less than continuum:

Proposition 4.24. Let R be a simple von Neumann regular ring with card(R) <
280 Then there are uncountably many non-isomorphic simple modules.

Proof. First, we define a 2-branching tree (7, <) of height w as follows: T =
Un<no Ty, where T), is the n-th level of T" and T,, consists of a complete set of
orthogonal idempotents of R defined by induction as follows: Ty = {1}; if e € Ty,
then ReR = R, i.e. the rings eRe and R are Morita equivalent, whence there are
orthogonal idempotents fe, g. € R such that f. # e # g. and e = f. + g., and we
put 7,41 = Ueer, {fe, ge }- Since T;, is a complete set of idempotents, so is Ty 41.
If n < Ny, e € T, and ¢ € T,,11, we define ¢ < ¢’ iff either ¢/ = f. or ¢ = ge.
Now, < is defined as the transitive closure of < on 7. Denote by B the set of all
branches of T. Clearly, card(B) = 2. For each b € B, define a right ideal I, of
R by I, = Zee(T\b) eR. Then I, # R, and there is a maximal right ideal J;, of R
such that I, C J,.

Let M be a simple module. Put By = {b € B;R/J, = M}. Since R is a simple
ring, the Jacobson density theorem implies that we can view R as a subring of
Endg (M), where K = Endg(M) is a skew-field. Since M is isomorphic to a factor
module of R, also card(M) < 2% and dimg (M) < 2%°. Let b € Bj;. Then
Hompg(R/Jy, M) # 0 and there is some 0 # my, € M such that myI, = 0.

We shall prove that the set Uy = {my;b € Bys} is a K-independent subset of M.
On the contrary, let {my,;i < n} be a K-dependent subset of U, having a minimal
cardinality, n > 1. Then ZKn kimy, = 0 for some 0 # k;, ¢ < n. Since all the
branches b;, ¢ < n, are different, there is some e € by \ Ug<i<nb;. Take p < R such
that e € T),. Since T}, is complete, 1 — e is a sum of some elements of T\ by. Then
0=">,cnkimp,(1—e)=> ;. kims,, in contradiction with the minimality of n.
Finally, denote by S a representative set of all simple modules. Clearly, B =
UnmesBar. Since card(Byr) < dimy (M) < 2% for each M € S, we infer that
card(S) > cf(2%) >Ry, O
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Corollary 4.25. Let R be a right non-singular ring such that card(R) < 2%°.
Then the conditions (i) - (iv) of 4.23 are equivalent.

By 4.5, artinian valuation rings provide examples of rings of type (Ia). In fact,
the description of type (Ia) gets closer to the valuation ring case if we assume that
Z7 is maximal. To see this, we generalize a result of Bongartz ([B] and [H]):

Lemma 4.26. Let R be a ring and A and B be modules. Assume Extr(B, B*)) =
0 for all cardinals k. Then there are a cardinal A and a module C such that
Extr(B,C) =0 and there is an exact sequence

0—-A—C—B™ .

Proof. Take a cardinal A and extensions

* 0-A—E,—B—0, a<.

so that these extensions generate the group Fxtr(B, A). Let

(**) 0—-A—C5SBYM 50

be the extension obtained by pushing out the direct sum extension

0—>A(/\)—>®ZEQ—>B(/\)—>0
a<A

along ¢ € Homp(AW, A) defined by ¢((an;a < A)) = 3., aa. Consider the
long exact sequence

0 — Homp(B, A) — Homp(B,C) — Homp(B,BY) % Extp(B, A) —

Extr(B,r)
5

— Extr(B,C) E:I:tR(B,B()‘)):OH...

induced by (**) and by the functor Hompg(B,—). Since the extensions (*) gen-
erate Extr(B,A), the connecting Z-homomorphism ¢ is onto. Hence, the Z-
homomorphism FEztr(B,n) is a monomorphism. This proves that Extr(B,C) =
0. O

Lemma 4.27. Let R be a right noetherian ring such that R is not right hereditary.
Assume IT s k-saturated, for all k < Ny and all Kk < gen(M), M being any
indecomposable injective module. Then R is a QF-ring.

Proof. Let B be an indecomposable injective module. Since R is right noetherian,
we have Extp(B, B*)) = 0 for all cardinals x. Let A be a non-injective module.
By 4.26, there are a cardinal A and a module C such that Extr(B,C) = 0 and
there is an extension

Assume C' is injective. Since R is right noetherian, but not right hereditary, there
is a non-projective finitely generated right ideal I of R. Applying the functor
Hompg(R/I,—) to the exact sequence (***), we get

0= Extr(R/I,BN) — Ext%(R/I, A) — Ext%(R/I,C) =0,
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whence Ext%(R/I,A) = 0. Applying the functor Hompg(—, A) to the exact se-
quence 0 - I - R — R/I — 0, we get

0 = Extr(R,A) — Extg(I,A) — Exth(R/I, A) = 0.

Since gen(I) < Vg, A is injective, a contradiction.

Thus, C is not injective. Since Extr(B,C) = 0, our premise implies that B is
projective.

This proves that any injective module is projective, and R is a QF-ring by a theorem
of Faith and Walker ([AF]). O

Theorem 4.28. Let R be a ring such that Z7 is fully saturated. Then R =
R'(BR"), where R" is a semisimple ring and R’ is an indecomposable ring such
that each non-projective right R'-module is i-test. Moreover, either

(Ia) R’ is isomorphic to a full matriz ring over a local QF-ring, or

(Ib) R’ is a simple von Neumann regular ring such that all right ideals are count-

ably generated and all simple right R'-modules are isomorphic, or
(II) R’ is Morita equivalent to UT,(S) for a skew-field S.

Proof. By 4.22 and 4.27. O

So far, all results of this section were proved in ZFC. We finish by showing that
4.28 can be improved in the models of ZFC satisfying the Shelah’s uniformization
principle UP (see 2.3):

Lemma 4.29. Let k be a cardinal such that cf (k) = Xg. Assume UP,. Let R be
a non-right perfect ring such that card(R) < k. Then PT is not 1-saturated, and
IT is not k™ -saturated.

Proof. Since R is not semisimple, [Os, Corollary 2.23] implies that there exists a
cyclic non-injective module, N. Clearly, card(N) < card(R) < k. By 2.2 and 2.4,
there is a non-projective module M such that gen(M) < k™ and Extr(M,N) = 0.
Hence, N is not p-test, and M is not i-test. [

Theorem 4.30. Assume UP. Let R be a ring such that ZT is fully saturated. Then
R = R'(BR"), where R" is a semisimple ring and either

(I) R is isomorphic to a full matriz ring over a local QF-ring,  or

(II) R’ is Morita equivalent to UT5(S) for a skew-field S.

Proof. By 4.28 and 4.29. [

Corollary 4.31. Assume UP. Let R be a right non-singular ring. Then the fol-
lowing conditions are equivalent:

(i) IT is fully saturated,

(i) PT is fully saturated,

(iii) R = R'(BR"), where R" is a semisimple ring and there is a skew-field S such
that R' is Morita equivalent to UT5(S).

85 APPLICATIONS: A SOLUTION TO MENINI'S PROBLEM

In the present section, we apply results of §4 to solve a problem (due to C.Menini)
concerning representable equivalences of module categories. First, we recall the
categorial background of the problem:
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There are several important generalizations of the celebrated Morita theorem
concerning equivalence of module categories. In most of them, there is a repre-
senting module inducing an equivalence of module subcategories. In this way, the
notion of a quasi-progenerator was introduced by K.R.Fuller ([F]). Also the (gen-
eral) tilting modules appear in this context, as shown in [CbF].

There is a class of modules comprising both quasi-progenerators and tilting mod-
ules: A module P € Mod-R is a *-module provided P induces (via Hompg(P, —)
and —® g P) an equivalence between Gen(Pg) and Cog(P}, ), where R’ = End(Pr)
and P* = Hompg(P, Q) for an injective cogenerator @) € Mod-R. Here, Gen(Mpg)
and Cog(Mp) denote the category of all modules generated and cogenerated, re-
spectively, by M.

The study of *-modules is motivated by the following representation theorem of
Menini and Orsatti ([MeO)): if B and C' are equivalent categories, where B C Mod-
R’ is such that R’ € B and B is closed under submodules, and C' C Mod-R is
closed under direct sums and factors, then there is a unique *-module P such that
C = Gen(Pr), B = Cog(Py;), and P induces the equivalence between B and C.
The class of all x-modules is denoted by STAR .

So far, there is no explicit description of the class STAR over an arbitrary

associative ring with unit. Nevertheless, by a result of the author, all x-modules
are finitely generated ([T2]). Moreover, there is a general criterion due to R.Colpi:
a finitely generated module P is in STAR if and only if P satisfies the condition
C(k) for all cardinals k. Here, C(x) denotes the Colpi’s condition for k, i.e. the
assertion:
“for every submodule M of P(*), the condition M € Gen(Pg) is equivalent to the
injectivity of the canonical group homomorphism Extr(P, M) — Extg(P, P(*))”.
Clearly, C(0) always holds, and it is easy to see that C'(x) implies C(x’) for all
K < K.

If A > 0is a cardinal and P a module, then P is said to be a *-module provided
P is finitely generated and P satisfies C'(k) for all K < A. The class of all -
modules is denoted by Sy. In particular S; = FG, the class of all finitely generated
modules. Moreover, *y,-modules are called almost *-modules. The class of all
almost *-modules is denoted by ASTAR. Thus, we have the following decreasing
chain of subclasses of Mod-R:

FG=8 282 DASTAR =Sy, 2 Sx, 2 ...
(&) 28,28 D DSy = STAR,

where S) = Ng<)Sx provided A = R, and either &« = 0 or « is a limit ordinal.

A possible approach to *-modules is by studying the class STAR “from above”,
i.e. by means of investigations of the particular classes Sy and the categorical equiv-
alences induced by their elements. An important feature of each xy-module (dis-
covered by R.Colpi) is that it induces an equivalence between certain natural sub-
categories of Gen(Pg) and Cog(P¢), depending on A.

Of course, a question arises whether the hierarchy of the classes Sy can be
simplified, i.e. whether the inclusions of Sy+ into Sy in (&) are strict. An essential
simplification would follow from a positive solution to the following problem of
C.Menini:

“Does STAR = ASTAR hold (for an arbitrary ring) 2”7
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Nevertheless, the answer to this question is negative: we shall show that for
each infinite cardinal A there exist a hereditary artinian ring R and a 2-generated
xy-module P such that C'(\) does not hold. Hence, in this case, the inclusion of
S+ into Sy in (&) is strict. Moreover, this means that for each A > Rg, the Colpi’s
condition C()) is independent of “C(k) for all kK < \”.

Our construction of P is based on Cohn-Schofield solution of Artin’s problem
for skew-field extensions: We start with a quadratic extension S of a skew field
T constructed by Cohn and such that dimpS = A. Then we take the ring R =
UT(1,S,T) (see 4.12 - 4.14) and prove that the module P = {(g 8) ;a,b€ S} C
M>(S) is the suitable one. The first step of the proof uses a transfer lemma which
expresses the vanishing of Extr(P, —) in terms of a non-commutative linear algebra
assertion over T. Then C(k) is shown to hold for all kK < A provided the right
dimension of T over a certain sub-skew-field is A. The final step consists in an
analysis of the original Cohn’s construction.

First, we fix our notation for the rest of this section:

Definition 5.1. Let T and S be skew-fields such that S is a quadratic extension
of T (i.e. T C S and dimSy = 2). Fix an element x € S\ T. Moreover, put
R =UT(1,5,T), i.e. let R be the subring of M5(S) consisting of all matrices of

the form (g i), where @ € T and b,c € S. Further, denote by P the module
{(g g) ca,be S} C Ma(S).
Lemma 5.2. For each t € T there are unique ¢(t), D(t) € T such that

te = x¢(t) + D(1).

The mapping ¢ : T — T is an injective ring homomorphism, D : T — T is a
¢-differentiation of T, and dimy)T = dimrS — 1.

Proof. Well-known. [

Lemma 5.3. R is left and right artinian, and left and right hereditary. Upto
isomorphism, the modules P and R/Soc(R) are the only indecomposable injective
modules in Mod-R, the first one being 2-generated and the second being simple.
For each M € Mod-R there are a decomposition M ~ D(M)® R(M) and a unique
cardinal kpr such that D(M) is the trace of R/Soc(R) in M and

Soc(P")) = Soc(R(M)) 4 R(M) < Pr),

Proof. Easy, using 4.13. [

The following lemma transfers vanishing of Extr(P,—) into a linear algebraic
assertion over 1

Lemma 5.4. Define Y = {(aa)a<n, € S"M); (ao‘* g) € R(M)} for each
a<KkMm

M € Mod-R. Then Yy, is a right T-submodule of S"*M). Moreover, the following
conditions are equivalent:

(i) Extr(P,M) =0,

(i) Yar + Yar.x = SUM) (as abelian groups).
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Proof. Since R(M) is a submodule of PM) we see that Yy is a right T-submodule
of S®*M)_ In view of 5.3, w.l.o.g. we can assume that D(M) = 0, i.e. Soc(P*)) =

Soc(M) I M < P") where k = kj;. Put pg = ((1)8) e P, p = (‘3’8) €EP,g=

((55) (570 ) € B2 a0 = ((57) (55 )) € B andar = ((575) - (57)) €
R®). Clearly, P = poR+p1R and P ~ R® /(qR® qoR & 1 R). Since Anng(q) =

{(g g) ;a € T,b € S}, the elements of Hompg(¢R, M) are in one-one correspon-

dence with the elements of Soc(M) = Soc(P*)) = {(8 b(‘;‘) i (ba)a<n € SWY.
a<k

Similarly, Hompg(goR ® 1R, M) ~ (Soc(M))?). Of course, Homp(R?, M) ~
M@, Then Extp(P, M) = 0 iff the canonical homomorphism Hompz(R®, M) —

Hompg(gR, M) induced by restriction is onto iff for each (8 b(‘]’ ) with (be)a<x €
a<K

S) and all (0 CL) with (¢)a<r € S®), i = 0,1, there are some (“; b;) ,

00 /Ja<k 0 0 /a<k
with (a)a<x € Yar and (b))a<x € S™, i = 0,1, and such that b, = ¢, for
i =0,1and al.x — al = b,, for all a < k. The last assertion is equivalent to
Yo+ Yo =5®. 0O

Note that for any cardinal £ > 0 and any right T-submodule Y of S(*) there is
some M € Mod-R such that Y = Y); and k = kp;. Moreover, M is injective iff
Yy = S,

Lemma 5.5. Let k > 0 be a cardinal and M a submodule of PW). Then ky < k
and

(i) M € Gen(Pg) iff there is a cardinal v < k such that M ~ PO is a summand
of P,

(ii) the canonical group homomorphism Extr(P, M) — Extr(P, P\®)) is injective
iff Yo + Yar.x = S (as abelian groups).

Proof. (i) By 5.3, if M € Gen(Pg), then M is an injective submodule of P(*).
Hence, M ~ P for some v < k.
(ii) By 5.3, Extr(P, P**)) = 0, and the result follows from 5.4. [

Lemma 5.6. Put § = dimTyr).

(i) If k is a cardinal such that 6 < k, then C(k) does not hold.
(i) If 6 > N, then C(k) holds for all k < 0.

(#3) If 6 < Ng and n < Vg is such that 2n < 0, then C(n) holds.

Proof. Let k be a cardinal. By 5.3 and 5.5, C(k) is equivalent to the assertion
"Y + Y # S®) for all proper right T-submodules Y of S(")”. For each o < k&, let
7o 1 S — S be the a-th projection. Let B = {1,;a < s} be the canonical basis
of the right S-module S For a < k let x4 = 1,2. Clearly, BU {z,;a < Kk} is a
basis of the right T-module S,

(i): Assume § < k. Let {t,;v < 0} be a right ¢(T)-basis of T. Let Y be
a right T-submodule of S*) generated by B U {ya;a < k}, where m(y,) = xt,
for all v < ¢, Ta41(Ya) = z for all @ < k, and 73(y,) = 0 otherwise. Since
zo ¢ Y, Y is a proper submodule of S*). By 5.2, T ® Tz = T @ x.¢(T), whence
DY nenTad(T) CY + Ya. Thus,

20T =@zt $(T) Y + Y,

v<§
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and Y + Yz = S*). Therefore, C(x) does not hold.

(ii) and (iii): Take 0 < xk < J such that 2k < ¢ provided § < Ry. Proving
indirectly, assume that C(k) does not hold. Then there is a maximal right 7-
submodule Y of S*) such that Y + Yz = S™). Let D = {d,;a < A} be a right
T-basis of Y. Since dimSp = 2, we have A = 2k — 1 provided « is finite, and A = k
otherwise. By 5.2, T® Tz =T @ x.¢(T), whence

SW =Y 4Ye=> da(T®T2)=)Y do(T@zd(T) =Y+ do.z.8(T).

a<A a< a<
In particular, dim (S /Y) sy = dimTyry = 6 < A, a contradiction. [
The following theorem provides a negative answer to Menini’s question:

Theorem 5.7. Let A be an infinite cardinal and K, L be the skew-fields constructed
by Cohn for o = X and 3 = 2. Then L is a quadratic extension of K and dimgL =

AN. PutS=L,T=K, and let P = {(gg) ;a,b € S}. Then P is a 2-generated
module, C(k) holds for all k < X, but C(k’) does not hold for any k" > .

Proof. By 5.3, P is 2-generated. In view of 5.6(i) and (ii), it suffices to show that
dimTyry = A. To this aim, we analyze the construction of Cohn ([Co, pp.124-126]),
using partly the notation thereof: We have ¢(K) C E,(t) and, by [Co, pp.125-126],
zp1 ¢ Eu(t), for all p < . Since x,11 € E,(t) for all v # p < «, the set
{zy11; 4 < a} is not only a left, but also a right ¢(K)-independent subset of K.
Since card(K) = card(L) = «a, the assertion follows. [

Theorem 5.7 implies that, in general, *-modules cannot easily be reached “from
above”, using *jy-modules and their hierarchy (&). On the other hand, there are
many particular cases in which #-modules can be reached “from below”, using
quasi-progenerators or tilting modules. For example, *-modules over commutative
rings are exactly the quasi-progenerators (by [CMe] and [T2]). x-modules over
finite dimensional algebras coincide with those modules that are tilting modulo
their annihilators (a result of [CMe] and [DH]).

OPEN PROBLEMS

(1) In 1.6, we have proved in ZFC that P7T is a proper class for any right perfect

ring R. If R is not right perfect, then 2.5 shows that it is consistent with ZFC that
PT is empty. On the other hand, if R is right hereditary, then it is consistent with
ZFC that PT is a proper class (see 3.13).
What is the possible size of P7 in the case when R is non-right perfect and non-right
hereditary 7 Is then the assertion of 2.5 a theorem of ZFC ? The problem is open
even in the very particular case of full endomorphism rings of infinite dimensional
linear spaces over skew-fields (cp. 2.6 and 3.20).

(2) By 4.14, all rings of type (II) are Morita equivalent to some UT(m, S, T).
Moreover, 4.15 provides a description using block upper triangular matrix rings.
Which of these matrix rings really are of type (II) ? For partial answers, see 4.17-
19.

(3) By 4.28, each ring R of type (Ia) such that Z7 is maximal is isomorphic to
a full matrix ring over a local QF-ring R’. Is R’ actually an artinian valuation ring
(asin 4.5) ?
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(4) By 5.7, for each A > Ny, there is an artinian hereditary ring R such that
Sy+ C Sy. Is the same true for each 0 < A < Ng 7 In particular, can the methods
of §5 be used also in this case, replacing the Cohn’s quadratic extensions 7' C S by
the ones constructed by Schofield ([Sc]) ?
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